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ABSTRACT

The evaporation of droplet containing insoluble particles has grown into an active area of
research due to the needs for nanofluids for applications in heat transfer, combustion, and
manufacturing desired micro/nano particles in the pharmaceutical industry. The
evaporation of droplets containing particles involves complicated multiphase heat and mass
transport. The evaporation process consists of two stages: the first stage consists of
evaporation until a shell of particle forms or when the solid to liquid ratio is sufficiently large
and the second stage, where the droplet size is commonly assumed to be unchanged. The
dissertation investigates the evaporation kinetics in the first stage.
An experimental setup based on electrodynamic balance (EDB) is built to allow the
observation of evaporation of a free standing micro size droplet. Besides experimental
design, a novel theoretical model is developed to first describe the morphological evolution
process in the absence of internal convection. The model accounts for the effect of particles
at the droplet surface on the diffusion of liquid vapor. The gradually increasing particle
number at the droplet surface reduces the area for evaporation, leading to reduction in
evaporation rate in the first drying stage, contrary to previous assumptions. The evaporation
in the first stage is controlled by Pe (defined as the ratio of droplet evaporation rate to the
particle diffusion rate) and particle properties such as wettability. For large values of Pe, the
particles concentration is high near the droplet surface, leading to the change of evaporation
rate. For small values of Pe, the effect of particles on the evaporation rate of droplet in the
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first drying stage is small because particles are allowed sufficient time to redistribute within
the droplet.
The model analysis also reveals that particle wettability is an important factor
affecting the first drying stage. For hydrophilic particles, the contact angle of the particles at
the droplet surface is small, leading to small change of evaporation in the first stage. For the
hydrophobic particles that have large contact angles, the change of evaporation rate in the
first drying stage is larger.
The evaporation model that accounts for the internal convection is also used to
describe the evaporation process. In this model, the evaporation behavior during the first
stage is controlled by the particle mobility, initial particle concentration, and droplet
recession/evaporation rate. For particles with high mobility, the particle distribution within
the droplet tends to be smooth. The effect of convection flow on the particles distribution
becomes stronger as particle mobility decreases. Once the particles mobility is decreased to
a limit at which the surface particle density is only controlled by the internal flow and the
evaporation process is independent of the particles mobility. For a given internal flow field
and a specific particles mobility, the duration of the first stage and the final dry particle size
are both controlled by the initial particle concentration. A smaller/larger initial particle
concentration results in a longer/shorter first stage and smaller/larger dry particle.
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CHAPTER 1. INTRODUCTION

Over the past 20 years, the study of the evaporation of droplet containing particles has grown
into an active area of research due to the needs for applying nanofluids into heat transfer
and combustion engines and manufacturing desired micro/nano particles in the
pharmaceutical industry. The aim of this dissertation is to build an experimental setup to
allow the study of evaporation of a single free standing micrometer droplet and develop a
theoretical model to predict the effect of particles on the evaporation behavior in the first
stage.
In this chapter, we first review the application of nanofluids in heat transfer equipment,
combustion engines, and particle manufacturing. Then, we review the experimental and
theoretical studies on evaporation of droplets containing particles. Finally, we provide an
overview of this dissertation.

1.1 Emerging applications of nanofluids
Nanofluids have been gaining growing interest in the past decade, due to its great important
applications in nanotechnology and thermal engineering. Nanofluids are engineered by
dispersing nanoparticles in liquid. The average size of the nano particles is below 100 nm.
(Das et al., 2008). In the past 10 years, the number of the publications in this emerging filed
has been exponentially increased. (Castro et al., 2012).
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1.1.1 Enhancement of heat transfer
The study of enhancing conductivity of the fluid has been focused on adding metallic
particles in the traditional heat transfer fluid. Maxwell (Maxwell, 1891) first theoretically
studied the effective thermal conductivity of the liquid suspension. Since then, numerous
publications on the theoretical and experimental studies of improving the thermal
conductivities came out. However, all the studies focused on suspensions with particle size
between micrometers to millimeters. The liquid suspension with micrometer or millimeter
size particles has two major disadvantages: (1) the large particles settle rapidly in fluids, (2)
the particle concentration in the liquid suspensions is limited at low level. Compared to
liquid suspensions with millimeter or micrometer sized particles, nanofluids are much more
stable. The conduction is enhanced in liquid suspension with nanoparticles due to larger
surface to volume ratio. Furthermore, erosion and clogging can be dramatically reduced due
to smaller particle size. Eastman et al. (Eastman et al., 2001) studied the effective thermal
conductivity of ethylene glycol by adding 0.3 vol% of Cu nanoparticle coated with
thioglycolic acid and observed 40% increase compared with pure ethylene glycol.
In industry cooling is usually performed in convection conditions. Experimentalists
have shown that nanofluids also show that the effective heat transfer coefficient is larger
than that of base fluids (Faulkner et al., 2004, Wen and Ding, 2004, Ding et al., 2006, Xuan et
al., 2000).

1.1.2 Enhancement of heat of combustion
Because of their high energy density, the combustion of metals has always been of interest
to the combustion community. In propellant and explosives, metallic particles are usually
2

added in the fuel liquid serving as energetic additives. (Gan et al., 2011). Beckstead et al.
(2004) and Yetter and Dryer (2001) gave a review on the ignition of micro sized aluminum
particles. Huang et al. (2001) compared the burning time of aluminum particles at various
sizes. They observed that there is a slope change when particle size is around 10 µm,
indicating the possible transition from a diffusion controlled combustion process to a kinetic
controlled combustion process. Bazyn et al. (2007) proved the existence of this transition in
oxygen mixture at particle size around 10 µm from shock tube measurements. Bazyn’s study
(2007) also showed that combustion temperatures of nanoparticles were below the
aluminum boiling temperature.
Experimental studies showed that the ignition and combustion of nanoparticles were
more difficult to distinguish (Huang et al., 2009). For larger particles (>100 µm), the ignition
was achieved near the melting point of the particles oxide (Aluminum oxide, 2350 K). While
for aluminum particles with diameter between 1 – 100 µm, the ignition can be achieved from
1300 to 2300 K. For the nanoparticles, it is reported that the ignition temperature can reach
as low as 900 K (Bulian et al., 2004), which is below the melting point of aluminum.
By adding energetic nanoparticles in the fossil fuel, the combustion efficiency and the
stability will be increased. Macek (1972) showed 10-25% increase of combustion efficiency
by adding 0.5% of aluminum nanoparticles in the fuel. Selvan et al., (1009) observed that the
cerium oxide nanoparticles serving as catalyst, which improves the combustion efficiency
and reduces the pollutions. Gan et al. (2011) studied the effect of nano aluminum particles
on the burning characteristics of ethanol and observe a complete burning of the fuel.
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1.1.3 Applications in functioning of micro/nano particles
“Controlled drug delivery is the engineering of physical, chemical and biological components
into a system for delivering controlled amounts of a therapeutic agent to a patient over a
prolonged period” (Saltzman et al., 2001). To achieve the goal, controlled drug delivery
systems is developed which consist of macromolecular carriers that transport the
therapeutic agent throughout the body to the desired site of action. Among the large variety
of forms of the therapeutic agent, micro and nano-particles are attractive and have been
extensively studied over the past few decades (Brannon-Peppas et al., 1995, Soppimath et
al., 2001, Mainardes et al., 2004, Park et al., 2010. Brannon- Peppas, 1995). Among the
various manufacturing methods of microparticles (Chow et al., 2007; Kumar et al., 2000;
Chan et al., 2003), such as wet chemistry, spray freeze drying and spray drying, we focus on
spray drying, which involves the drying process of droplets containing solids.

1.2 The need for improved understanding of the droplet evaporation
The combustion of liquid fuel in the combustion systems involves the injection of fuel spray
to the hot environment. The cloud of droplets absorb heat and evaporate quickly. The
combustion takes place in the gas phase. The evaporation process of droplets containing
metallic particles involves complicated multiphase heat and mass. The complicated
interactions encountered in the industrial processes, such as time dependent air flow fields
and turbulent brings challenge. Study of evaporation of droplets containing particles
provides way to observe the evolution of droplet temperature, size, evaporation rate and
morphological changes involved in the evaporation process.

4

The evaporation kinetics of droplets containing particles consists of two stages
(Mezhericher et al., 2010). In the first evaporation stage, the liquid evaporates from the
droplet surface, resulting in droplet size recession and increase of particle concentration at
the droplet surface. Particles accumulate on the droplet surface until the droplet surface is
populated with solid particles. Then, the droplet turns into the second evaporation stage. In
the second evaporation stage, the liquid-vapor interface retreats to inside of the crust. The
droplet size remains unchanged. Evaporation would then occur when the liquid from within
the crust reaches the crust through capillary action until complete drying is achieved.

Figure 1. Effect of particles on the morphology of dry particles

The morphology of the dry aggregate particles are controlled by the Peclet number,
which is the ratio of evaporation rate constant to the particle diffusion coefficient,
𝐾

𝑃𝑒 = 8𝐷

(1.1)

𝑝𝑙

Where 𝐾 is the evaporation rate constant of pure liquid, 𝐷𝑝𝑙 is the particle mass
diffusivity in the liquid phase. 𝐷𝑝𝑙 is obtained from Einstein Stokes equation,
𝑘 𝑇

𝐵
𝐷𝑝𝑙 = 6𝜋𝜂𝑟

𝑝
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(1.2)

The morphology the dry aggregate particle is controlled by Pe number. For small Pe, the
particle diffusion rate is high and the particles have enough time to redistribute during the
evaporation process. The effect of particles on the evaporation is small and a solid dry
particle will be formed. While for large Pe, the droplet recession rate is high, the particles
would be trapped at the droplet surface and a shell will be formed at the end of the drying
process.
Vehring et al., (2008) gave an insightful review on the particle engineering through
spray drying. The author introduced a dimensionless Peclet number, the ratio of liquid
evaporation rate to the solid mass diffusivity within the droplet. For low Peclet numbers, the
particle diffusion is fast compared to the droplet recession rate. In the absence of internal
circulation, the particle concentration is during the evaporation. The enrichment of surface
particles is small. In this case, solid particles are likely to form. For Peclet larger than 1, the
surface recession rate is faster than particle diffusion. The surface becomes enriched with
the particles, a shell may be formed. Figure 2 showed the dry glycoprotein particle under
various Peclet number. As Pe number increases, the void of the dry particle is larger due to
the enhanced droplet recession rate comparted to particle diffusion.

Figure 2. Morphology of monodisperse glycoprotein particles at Peclet numbers of 2.7, 5.6, and 16.8 (Vehring et
al., 2008)

6

Besides morphology, the particle size is also important in application due to its effect
on the cellular and tissue uptake, the drug delivery and the clearance by the immune system
(Alexis et al., 2008). Particle size should be restricted in order to reach the areas where the
drug is meant to be delivered. In treatment of cancer (Neeves et al., 2007), nanoparticles
with of the size of 100-200 nm is of interest to penetrate deeply into tumor tissues through
their small blood vessels and fine capillaries.

1.3 Literation review of droplet evaporation
This section is a review of relevant topics of the evaporation of droplets, with and without
particles. The evaporation of droplet containing particles is a multi-phase heat and mass
transfer process. The evaporation of pure liquid is reviewed, followed by the evaporation of
droplets containing particles. The review is divided into two subsections, experimental
findings and theoretical work.

1.3.1 Evaporation of pure liquid droplet
The mass transfer process from liquid to its surroundings is called evaporation. Consider a
spherical liquid droplet in stagnant environment undergoing evaporation process. The
process is assumed to be quasi-steady, at which the time scale of the change of the droplet
size is large compared with the time scale over which the diffusion process around a sphere
of constant size reaches steady state. Therefore, it is reasonable to consider it to be
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isothermal. The rate of evaporation can be described by the linear d2-law according to
Maxwell’s theory:

8Ddf  s
m  m
dd 2
K 
ln(1  s
)
(1.3)
dt
l
1  ms
Where d, 𝐾, Ddf , m, and  represent droplet diameter, evaporation constant, liquid vapor


mass coefficient to the surrounding environment, concentration of liquid vapor at the
droplet surface and in the environment and liquid density. The subscript s refers to a location
at the droplet surface, and  the location far away from the droplet surface. The parameters
in the right hand side of the Equation (1.3) are constant for the steady state process, so the
evaporation rate is constant. This is the classical d2-law.
The d2-law is the simplest possible model describing droplet vaporization, and it has
the following assumptions:
(i)

Diffusion being rate-controlling.

(ii)

The droplet is immersed in a quiescent infinite environment.

(iii)

Isobaric process.

(iv)

Gas phase quasi-steadiness: the properties such as droplet recession rate, species

concentrations, and temperature change rate at the droplet surface much slower than those
of the gas-phase transport processes.
The evaporation processes of droplets involved in the atmosphere and in industrial
processes such as droplet combustion and spray drying and are usually diffusion-controlled,
at which the evaporation rate depends on the liquid diffusion rate to the droplet surface. The
evaporation of droplet at small Reynolds number is applicable for the classic d2-Law,
according to Davis et al. (1987). Studies on the evaporation of droplet at higher Reynolds
number have been done by Johnstone (1938) and Garner (1958) with either potential flow
8

theory or boundary layer theory. They introduced the dimensionless parameters, Pe and
Sh ( Pe  dU  / Dij , Sh  Kd / Dij , where d is droplet diameter, U  , gas velocity of the gas

flow, Dij mass diffusivity of species i in gas j) and derived the correlation between
evaporation rate and Sh , where Sh depends on Pe . The evaporation rate of the droplet at
higher Reynolds number condition still follows d2-law, which is expressed as the product of
evaporation rate in the stagnant air and Sh. Levich et al. (1962) developed a correlation of
mass transfer coefficient for larger Pe:

Sh  1.008Pe1 / 3

(1.4)

Kronig et al. (1951) used singular perturbation techniques to get the expression of Sh for
Pe =  (1) . Reviews on the experimental studies of drops evaporating into a gas stream have

been given by Fuchs (1959).

1.3.2 Evaporation of droplet containing particles
As discussed earlier the evaporation of droplet containing particles is involved in various
industry applications, such as particle engineering in pharmaceutical, heat transfer
enhancement and combustion. The size of suspended particles differs depending on specific
application. In pharmaceutical systems, nanometer sized particles are of interest (Hsieh et
al., 1983), leading to the molecular level of suspended particles within the droplet. The slurry
fuels in the combustion systems contain energetic particles with the size range of 30 -70 µm
(Lee and Law, 1991). The particle size in nanofluid is chosen to be smaller than 100 nm
because of the capability of nanofluid in enhancing thermal conductivities in the molecular
level.
9

1.3.2.1 Experimental studies

In the past few decades, the most common experimental techniques on studies of the
evaporation of single droplet containing particles are categorized into three groups (Fu et
al., 2012): pendant droplet, droplet levitated by acoustic of aerodynamic fields and free
falling droplet as shown in Figure 3.

(a)

(b)

(c)

Figure 3. The three experimental methods of single droplet: (a) droplet suspended on a gfilament; (b) droplet
levitated by acoustic or aerodynamic fields; (c) free- falling droplet (Fu, 2012)

Pendant droplet method is an intrusive approach, in which a single droplet is
suspended by a thin filament. The connection between the droplet and filament allows the
connection of external measurement device such as micro-balance to get the change of
droplet mass. The whole particle formation process of a single droplet can be observed and
particle morphology and drying rate can be easily investigated. Ranz et al. (1952)
investigated the factors that influence the evaporation of water drops containing suspended
solids by suspending a millimeter droplet from a feed capillary in the air stream. The study
was performed under different Reynolds numbers ranging from 0 to 200. The author
discovered that for droplets containing insoluble solids, the droplet initially behaves like
pure liquid until a solid structure is formed. After that the evaporation rate gradually
10

decreases and the temperature increases due to the additional resistance of the crust. Later,
Ranz and Marshall (1952) investigated the weight loss and temperature history during the
evaporation process of water droplet containing 26.0 wt. % coffee extract. The evaporation
process is consists of two stages. In the first stage the evaporation occurs from the liquid
surface and the evaporation rate is comparable to that of pure liquid droplet. A second period
starts when a solid crust is formed and the evaporation rate gradually decreases. Cheong et
al. (1986) studied the evaporation process of slurry droplet by suspending the droplet from
the thin film thermocouple in flowing air. The experimental results show two drying stages,
an initial constant evaporation rate period and a falling evaporation rate period after a crust
is formed. The formation of crust is defined by a critical moisture content value at the droplet
surface. The falling rate period happens as the crust thickens. Nesic et al. (1991) studied the
evaporation kinetics of water droplet containing 30 wt. % colloid silica. The experiment
observed that the initial evaporation is controlled by the mixing and diffusion of solids within
the droplet, which is caused by the vigorous internal circulation.
Chen et al. (2010) used pendant water droplet with addition of laponite, Fe2O3 and
Ag nanoparticles to study their effects on evaporation rate. They observed a transition of
droplet evaporation rate from a constant to another constant. The author attributed to the
change of latent heat. Gan et al. (2011) studied the evaporation characteristics by adding 0.5
wt.% and 2.5 wt.% aluminum nanoparticles under natural and weak forced convection
conditions. The experimental observations show the evaporation deviates from classical d2
law at natural convection and behaves like pure liquid at weak forced convection.
Pendant droplet approach has limitations. Because of the intrusive filament, the
suspended droplet experiences density gradient as well as particle concentration gradient
11

along the droplet surface due to breaking of spherical asymmetry. The pendant droplet
approach is also limited to the millimeter size range, where internal circulation and rotation
of droplet cannot be avoided.
Charlesworth et al. (1960) observed the evolution of crust formation resting on the
surface in pendant droplets. During the crust formation process, the solid phase first
appeared at the bottom of the droplet and gradually develops along the droplet surface until
the entire surface is covered. The author attributed the phenomena to the existence of
spherically asymmetry. For a droplet with spherical symmetry, it is expected that the
termination of first drying stage coincides with the starting of second stage.
Figure 3 (b) shows the configuration of a single droplet suspended by aero-dynamic
fields or acoustic wave. In the system, an upward force is applied to balance the droplet
weight. In the acoustic levitation system, a standing sound wave is established to provide a
regime close to acoustic resonance (Yarin et al., 1999). The size of the droplet ranges from
100 µm to 1cm. The droplet was levitated at a fixed position which allows droplet size,
morphology and kinetic parameter be monitored.
Yarin et al. (2002) used acoustic tube levitator to study the size history during the
evaporation process of aqueous droplets with solid glass beads. The experimental results
show two distinct evaporation stages. At the 1st stage, liquid evaporation proceeds from the
droplet surface. The 2nd stage starts from a fast precipitation of particles at the droplet
surface. At the 2nd stage, the droplet size remains unchanged, while liquid evaporation still
proceeds. Saha et al. (2012a) used infrared thermography and high speed imaging to study
the structure formations of acoustically levitated droplet with nanosilica suspensions. They
found that bowl structures are dominant at low initial particle concentrations and ring
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structures are dominant at high concentrations. In another paper by the same authors (Saha
et al., 2012b) detailed explanation on the effect of acoustic-steaming induced flow on the
evaporating nanofluids droplets is provided. The migration of nanoparticles due to internal
convective flow from a density stratification leads to force imbalance. The structure
formation is controlled by the initial particle concentration.
The disadvantage of the acoustic levitation is that the droplet suffers from shape
distortions due to ultrasonic and aerodynamic field. It is expected the evaporation rate of
droplet under the acoustic or aerodynamic streaming is larger than those under gas
convection induced by flow (Yarin et al., 1999).
In the aerodynamic levitation system, the droplet is maintained in the system where
the stream velocity is controlled to provide a balance between the drag and the gravity forces
(Schiffter et al., 2007). Miura et al. (1977) suspended a distilled water drop in the air flow
stream. They studied the convective heat and mass transfer of water drops in the air stream
at velocities of 7.5-9 m/s and temperatures of 53 -75 °C. With the fixed droplet position, the
evaporation rate, temperature and the surface morphology can be monitored by a video
camera coupled with infrared radiant meter. The gas drag force in the aerodynamic
levitation system can also introduce vigorous internal circulation, which affects the heat and
mass transfer.
Lee and Law (1991) studied the gasification of slurry droplets. They found that the
droplet evaporates as that of base liquid before the crust forms. However, turbulence in the
gas stream may cause fluctuations in pressure, leading to the instability of the droplet, and
causing the droplet to fall out of the gas stream.
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Another single droplet evaporation system - the free falling droplet approach is
shown in Figure 3(c). The system allows a continuous and stable chain of monodisperse
droplets to freely fall through the tube. Lee and Law (1991) studied the gasification process
of a freely falling carbon slurry droplet. It is found that the effect of solids on the evaporation
of slurry droplet is limited and the evaporation of the slurry in the first stage is closely
approximated by pure liquid, which obeys the classic d2 -law. Adhikari et al. (2000) review
the droplet chain technique. In all their studies droplet size was bigger than 170 µm. Vehring
et al. (2007) used an improved version of droplet chain technique to study the evaporation
process of aqueous droplet with monomorph protein particles. The vibrating orifice
generator can generate 10 µm droplets. These authors investigated the particle evaporation
process at gas temperatures of 25, 50 and 125 °C. They observed that the dried particles have
little or no void space at lower gas temperature, while the void becomes bigger as the
temperature increases.
A major drawback of such droplet chain technique lies in the difficulty in monitoring
the evaporation kinetics. Usually the droplet evaporation rate was determined by indirect
measurements such as the measurement of droplet terminal velocity (Kinzer et al., 1951).
Wallack et al. (1990) improved the technique by monitoring the moisture content in the
droplet being evaporated. The moisture content provides much more related information of
the droplet evaporation, but the system is more complicated (Fu et al., 2012).
The experimental studies described above have provided insightful view on the
evaporation mechanism of single droplet containing solids. However, the experimental
approaches have restrictions. For pendant droplet approach, the intrusive fiber brings
challenge in understanding evaporation of spherically axisymmetric droplet. For acoustic
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wave and aerodynamic levitation approaches, the internal circulation complicates the heat
and mass transfer by introducing other convective transport process. Also, in industrial
applications the evaporation of micro/nano meter size droplet is of interest, while the
droplets that are studied in the above experimental techniques are limited to hundreds of
micrometer or millimeter size range. The introduction of vibrating orifice generator in the
novel droplet chain technique allows the study of droplet down to 10 micro meters. However,
the free falling droplet brings challenges in monitoring the evaporation process. Therefore
it is necessary to develop an experimental technique that allows instantaneous observation
of evaporation of a free standing micro or sub micro droplet which contains insoluble
nanoparticles for the purpose of this study.

1.3.2.2 Theoretical studies

In last few decades, the theoretical study of the evaporation process of droplet containing
particles has drawn growing interest. Cheong et al. (1986) developed a receding interface
model of the evaporation of slurry droplet. The model describes the evaporation process in
two stages, an initial constant evaporation rate stage and a falling evaporation rate stage due
to the formation of a crust. The falling-rate evaporation period happens when the crust
thickens. The evaporation rate in the second stage is controlled by the existence of resistance
of the crust. N. Abuaf et al. (1985) used a first-order model to predict the evaporation process
of a slurry droplet. The model hypothesizes that the evaporation occurs in two stages. In the
1st stage the evaporation is gas-side-controlled diffusion at the droplet surface. Then the
droplet enters into the second phase at a pre-specified critical solid-liquid mass ratio when
the particles cannot compact anymore. Lee et al. (1991) divided the evaporation process of
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slurry droplet into three periods, regress-diameter period, transition from regressingdiameter period to rigid-shell period and rigid shell period. In regressing-diameter period,
gasification is described by the classic d2-law. The effect of particles on the gasification
process is not accounted for. In the transition from regressing-diameter period to rigid-shell
period, the gasification continues with increase of particle density at the droplet surface until
it reaches a critical value, at which the particles cannot compact anymore. After then the
crust layer thickens until it reaches a critical value. A rigid, porous shell is established. In the
rigid-shell period, an expanding spherical vapor bubble within the shell is assumed to
describe the mass transfer. The gasification rate through the shell is constant. The diameter
of the inner surface of the shell varies cubically with time. In the model the particle diffusion
within the droplet is not considered and slurry particles are assumed to be motionless.
Nesic et al. (1991) simulated the evaporation kinetics of a water droplet that is
suspended in air stream. Their model adopted five-stage concept involved in the evaporation
process: initial heating, equilibrium evaporation, crust formation and growth and porous
particle evaporation. For simplicity, the first two stages are considered to be constant
evaporation rate stage and the rest are defined as the declining evaporation rate period. The
model is validated by the evaporation of water droplet containing colloidal silica using the
aerodynamic suspension technique. In the model the internal convection is accounted for by
modifying the solid mass diffusion coefficient.
Levi-Hevronia et al. (1995) proposed a one-dimensional two phase flow model to
describe the simultaneous mass, heat and momentum transfer for a parallel steady-flow
pattern of coal slurry droplets. Compared to the model developed by Abuaf et al. (1987), this
model takes the gas temperature change into account. The evaporation process is divided
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into two stages. In the first stage the evaporation rate is controlled by the gas phase
resistance, which obeys the classical d2-law. The transition from the first stage to the second
stage is defined by a critical solid-to liquid mass ratio. Elperin et al. (1995) divided the
evaporation process in two stages, gas phase resistance controlled stage and the second
stage after some critical solid-liquid mass ratio is reached. In the second stage, the shell
fragmentation caused by compressibility and filtration of a gas-vapor mixture was discussed.
Minoshima et al. (2001) developed a simplified spray evaporation of slurry
droplets.The particles were considered motionless within the droplet and were trapped at
the droplet surface by surface tension. The shell was formed when the particles form a dense
packing mode where particles could not compact anymore. The shell formation was
described by the maximum particle volume fraction, 0.6. After the shell was formed, the
droplet surface was assumed to be the filtrate interface, which is pushed by pseudo-external
pressure. When pressure difference through the particle layer (the shell of the droplet) is
larger than the buckling pressure of the hollow droplet, the outer particles move inward to
yield the smaller droplet diameter. The buckling pressure increases as the shell becomes
thick. When buckling pressure equals the pressure difference through the particle layer, the
solid aggregate is formed.
Yarin et al. (2002) theoretically studied the evaporation of a droplet containing
particles with the acoustic levitation method. The evaporation of the suspension droplet
consists of two stages: Stage I, the droplet recesses due to the liquid vapor diffusion toward
the surrounding environment. Stage II, the droplet size is unchanged after shell formation
and the liquid within the shell evaporates and blows through the pores of the crust. In this
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model the concept an effective “liquid radius” was adopted. Balance equations of mass and
volume fraction of the liquid were used to calculate the liquid size history.
Seydel et al. (2006) applied population balances approach to simulate the
microscopic aggregate structure during the evaporation process of a suspension droplet.
Different from the models discussed so far, the definition of the beginning of the second
evaporation stage is when the particles form dense packing at the droplet.
Mezhericher et al. (2007) developed a model including initial heating up in the 1st
evaporation stage and the time-dependent character of the heat transfer in the evaporation
process. The evaporation process in the 1st evaporation stage is analogous to that of pure
liquid, and the evaporation rate is the same as that of pure liquid. The termination of first
evaporation stage was defined at when a dry porous solid crust was formed.
Vehring et al. (2007) used both theoretical and numerical models to describe the
coupled heat and mass transfer equations involved in the evaporation process. The model
adopted species diffusion equation to describe the instantaneous distribution of solids
within the droplet.
Dalmaz et al. (2007) developed a model to describe the both mass and heat transfer
involved in the evaporation process of water droplets containing suspended solids. In the
model, evaporation rate is initially constant followed by a falling rate process resulting from
the additional resistance of the crust. From the model, the recession of the outer diameter of
the droplet is due to loss of water vapor through convective mechanism in the constant
evaporation rate period. During the falling evaporation rate period, the droplet size remains
constant due to the formation of shell.
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Derkachov et al. (2008) used molecular dynamics to simulate the evolution of
morphology during the evaporation process of a water suspension droplet. The particles
diffusion and the structure of the dry are determined by the particle mobility and the droplet
recession rate. The morphology history showed that there are several regimes.Initially, the
particles density at the droplet surface is small. As evaporation proceeds, the particles are
trapped at the droplet surface due to the droplet shrinking. It can be seen in Figure 4 that
islands of particles are formed at the droplet surface (see Figure 4). For longer time, large
islands and high-coverage patterns form a layer or a shell of nanoparticles. Further
evaporation leads to collapse of the shell and a solid structure is formed.
Handscomb et al. (2009) incorporated population balance approach to study the
evaporation of droplets with solid. The formation of a shell is defined by a predefined volume
fraction, 0.6, at which the solid particles at the droplet surface can no longer freely move past
each other to be drawn into the center of the droplet. The droplet ceases to shrink at this
point.
Mezhericher et al. (2010) gave a review of the theoretical studies on the droplet
evaporation kinetics. The theoretical models were categorized into following types:
empirical model that is developed based on the characteristic evaporation curve(CDC);
numerical model that describe the evaporation process based on the conservation equations
of mass, momentum, energy and species, and population balance approach.
Gan et al. (2011) solved population balance equation (PBE) to help explain their
experimental observations. The author attributes the reduction of evaporation rate under
natural convection to the obstruction of large aggregate to the diffuse of liquid to the surfaces.
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For natural convection or weak forced convection, the aggregates formation time is larger
droplet recession. The effect of aggregates on droplet evaporation is weak.
Mezhericher et al. (2011, 2012) developed a model to describe the heat and mass
transfer phenomena in the first stage. These authors divided the stage into two
morphologically different periods: liquid evaporation before the shell formation and shell
submerging after the shell formation. The “after the shell formation” stage is defined as when
a layer of shell is formed at the droplet surface. They assumed that before shell is formed the
particles were submerged in the liquid and the liquid evaporated until a menisci with
particles cap showing at the droplet surface appears. During the shell thickening period, the
compression of shell result in the buckling and shrinkage of the shell. If the shell is recessed,
the particles would be submerged into the liquid and the contracted shell would be covered
by a liquid layer. The droplet evaporation included many repetitive steps of liquid
evaporation from the droplet surface recession. The authors argued that due to the rapid
submergence of the shell, the evaporation rate after the formation of the first layer of shell
was the same as that of pure liquid until the thickening shell became strong enough to
overcome the capillary compression. Then the evaporation rate decreases due to the
reduced exposure of liquid to the surroundings.
The above evaporation models of droplet containing insoluble particles have
provided important insights. However, most of the models ignore the effect of particles on
the first evaporation stage and regard the evaporation rate in the first stage is regarded as
the same of the pure liquid. Furthermore the moment of shell formation could not be
calculated, instead it has to be determined by a predefined solid-to-liquid ratio according to
the given properties of particle material. Neither do the simplifications allow the calculation
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of particle concentration within the droplet as well as the particles agglomeration on the
droplet surface. Evaporation of droplet suspension can result in various morphologies
during the evaporation process (Vehring et al., 2008). Most evaporation models with
insoluble particles focus on the effect of second evaporation stage on the dried particle
morphology, while the particles accumulation on the droplet surface in the first stage is of
less interest. Such simplifications may restrict the capability of the model to monitor the
morphology change during the evaporation process and therefore the structure of the dry
particle. Derkachov et al. (2008) studied the aggregate morphological change using light
scattering method (shown in Figure 4). The inhomogeneity of the nanoparticle
concentration during the whole evaporation process shows the existence of aggregate
islands in the first evaporation stage. For the pure liquid droplet evaporation, the liquid
vapor can diffuse through the whole droplet surface. While during the evaporation of liquid
suspension, the aggregate islands block the area the liquid vapor can go through, affecting
the evaporation rate. Recent findings by Chen et al. (2010) and Gan et al. (2011) show that
the evaporation rate may change depending on the evaporation medium temperature,
particle material, size of particles and gas stream velocity.
It can be concluded that to study the effect of particles in the first evaporation stage,
it is necessary to develop a theoretical model that allows the explanation of experimental
findings such as decrease of evaporation rate constant in the 1st evaporation stage and help
with the industrial design.
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Figure 4 Morphological evolution from numerical simulation illustrating the evaporation dynamics of an
aqueous droplet containing 200 nm polystyrene particles (Derkachov et al., 2008)

1.4 Scope of the study and thesis outline
As discussed in section 1.4, many researchers have adopted an assumption that prior to
crust/shell formation the evaporation rate of droplets containing insoluble particles follows
the 𝑑 2 - law with a constant value of 𝐾 , just like pure fluids. When crust is formed, the
observed diameter is also defined as the terminal droplet diameter.
A recent study on evaporation of water droplets containing various insoluble
nanoparticles found that 𝐾 decreases with droplet diameter that in turn decreases with time
(Chen et al., 2010). The investigators of this study suggest that the 𝑑 2 -law is closely followed
except that the values of 𝐾 changes with time; they proposed an apparent latent heat of
vaporization that increase with time and with the decreasing droplet diameters.
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Another study (Gan, 2011) investigated the evaporation characteristics of several
hydrocarbon liquids containing aluminum nanoparticles under forced convection at varying
gas flow temperatures. It was found (a) that the deviation from the 𝑑 2 -law (i.e., non-constant
𝐾) is more pronounced under forced convection than under natural condition conditions, as
expected, (b) that under both forced and free conditions the value of 𝐾 decreases with time
and thus with decreasing droplet diameter, and (c) that the deviation from the 𝑑2 -law is
more pronounced with higher initial particle concentrations. The authors of this study
suggest that the deviation results from the particle aggregation inside the droplet. As
evaporation progresses, the size of particle aggregates (again, inside the droplet) increases,
lead to hindering the internal diffusion of liquid.
The studies described above (Chen et al., 2010 and Gan et al., 2011) on the
evaporation of droplet containing particles have provided profound insights, but there still
remain many question., such as the mechanism that leads to the increase of apparent heat of
vaporization and how particle aggregates hinder internal diffusion of liquid are not fully
understood.
In the study by Derkachov et al., 2008 a numerical simulation of the inclusion process
(the capturing of nanoparticles on the regressing droplet surface) reveals that the particle
density on the regressing surface, forming “islands,” increases with time (while particles also
agglomerate within the droplet). This observation suggests that the surface area from which
evaporation occurs might be smaller than that determined by the droplet geometry. In other
words, the part of the droplet surface occupied by the islands formed by inclusions
effectively reduces the liquid surface area for evaporation.
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This dissertation aims to provide a full understanding of the evaporation mechanism
in the evaporation of single droplet containing particles experimentally and theoretically.
The conventional experimental techniques discussed above have their drawbacks, to study
the effect the particles on the evaporation of liquid suspension, a nonintrusive levitation
method that allows the observation of evaporation of micro-size droplet is needed. In this
thesis, the electro-dynamic balance (EDB) is introduced. This droplet suspension technique
is capable of suspending droplet diameters of a few tens or micrometers (Davis, 1978 and
1980) that are desirable for investigating both diffusion-rate controlled and kinetically
controlled evaporation regime. To use EDB, the droplet would have to carry electric charges,
which requires integrating the capability of adding electric charges to droplets with droplet
generation.
To dope droplets with electric charges, the electrospray (ES) technique can be used.
By its very nature and design, spray droplets generated using the ES technique are
electrically charged and is accelerated toward the oppositely charged target. The
combination of EDB and ES provides an effective tool suited for the study of droplet
evaporation. The ES technique is capable of producing a wide range of droplet sizes, from
nanometers to approximately 100 µm. For a given combination of flow rate and the electric
conductivity of the fluid, a nearly mono-dispersed spray of droplet can be produced. Droplets
thus generated carry static electric charges and, when placed in a properly designed electric
field, can be suspended immediately followed by experimental probing prior to significant
evaporation (this is especially notable as the d2-law indicates that smaller droplets
evaporate faster than larger droplets). The detailed principles on the EBD and ES will be
discussed in Chapter 2.
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In Chapter 3, an analytical model is described to quantitatively address the combined
effects of (i) the initial particle concentration in the droplet and the particle mobility within
the liquid, i.e., a Peclet number ( 𝑃𝑒 ), and (ii) the surface coverage by particles on the
deviation of the 𝑑2 -law. The model is an extension of the theory of evaporation of pure liquid
droplet. As evaporation proceeds, the gradual accumulation of particles at the droplet
surface alters the surface heat and mass transfer and the boundary conditions are modified.
The aggregates development process is described through species diffusion equation. The
developed model is validated by the published experimental data. Then a discussion based
on the model is provided to gain a better understanding of how Peclet number, initial solid
concentration, particles size and experimental conditions affect the evaporation kinetics in
the evaporation process, with the aim of guiding the industrial process and device design.
The effect of internal circulation on convection is addressed in Chapter 4. To better
understand the convection transport process, the length and time scales of convection,
diffusion and droplet shrinking processes are compared.
Chapter 5 summarizes the major findings of effort of this dissertation.
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CHAPTER 2. EXPERIMENTAL METHODS

As we argued in Chapter 1, the ideal experimental approach that completely isolates small
droplets is through electrodynamic balance (EDB). However, to implement this method and
obtain useful results requires several subsystems of the experimental apparatus. These
subsystems include: charged droplet generation, droplet injection, droplet levitation, and
visualization. In this Chapter we discuss the theory and implementation of components of
the experimental apparatus and show how they work together to lend us the powerful tool
to investigate the evaporation of sub-100 micron droplets elevated by electrostatic force,

2.1 Droplet generation
Many conventional droplet generation methods rely on the microdispening of liquids by a
syringe and hypodermic needle (Gan, 2011; Imanura, 2005 and Nesic, 1991). This approach
limits the droplet size to be comparable with the capillary length Lc(/g)1/2, where  is the
surface tension,  is the liquid density, and g is the gravitation constant. Typical liquids have
a capillary length of ~1mm, which makes the droplet size too large for our investigation due
to the potential complication brought by internal circulation. On the other hand, many
applications of interests, such as in internal combustion engines, the droplets size are usually
around 100 µm to increase combustion efficiency and reduce pollution emissions..
To generate sub-100 µm droplets, one mature and popular technique is inkjet. The
inkjet head uses a short pressure pulse generated either thermally or piezoelectrically to
expel one or more ~100 picoliter liquid droplets out of a nozzle (typically about 30 µm in
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orifice diameter to avoid frequent clogging). The working principle of inkjet may impose
several restrictions on the type of suspension and solution it can handle. For example, the
IJP limits the liquid viscosity to 20 mPa (Holland, 1983). Also, the droplet diameter generated
by inkjet is > 10 µm because the inertia based atomization requires the droplet size to be
comparable to nozzle inner diameter.

Figure 5 (a) Electrospray atomizer; (b) ordered breakup

One atomizer that can achieve both quasi-monodisperse and small (<100 µm)
droplets is electrospray. Electrospray is the liquid atomization principle behind the 2002
Nobel Chemistry Prize recognizing Prof. John Fenn’s contribution to the electrospray
ionization mass spectroscopy (ESI-MS) (Fenn, 1989). Compared to other techniques
discussed above, ES has the unmatched capability of producing monodispersed droplets in
the few nm to 10 µm range (Almeria, 2014). A typical ES system (Fig. 4) is implemented by
feeding a liquid with high electric conductivity (such as deionized water) through a tube
which is charged to a few kV. The liquid at the nozzle tip has several different operation
modes (Yang, 2012). Among these modes, the most widely used and studied one is the cone-
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jet mode (Ganan-Calvo, 1997; Hartman, 2000). There, the liquid takes a conical shape
(named Taylor-cone (Taylor, 1964)) resulting from the balance of surface tension and
electric norm stress. The electric shear stress drives and accelerates the liquid at the liquid
surface, from nearly zero velocity at the base of the cone to >10m/s at the apex of the cone
(Wilhelm, 2004; Duff, 2003). This unique jetting mechanism eliminates liquid-solid friction
which leads to low-pressure drop and a minimum risk of clogging.

Figure 6 Coulomb fission of a charged droplet. (Duft, 2003)

It is worth noticing that during the evaporation process the surface charge density is
increased due to the decreasing droplet diameter. Once the charge density reaches or
surpasses a threshold at which the cohesive force as a result for the surface tension equals
or smaller than the repulsive electrostatic force, the droplet becomes unstable. The
unstability leads to droplet breakup and progency droplets are formed, which is referred to
Coulombic fission.
It is preferable that droplet can stay as long as possible before it explodes. Rayleigh,
1882 first analyzed the stability of a charged droplet. According to his theory the instability
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of a droplet occurs when the charge on the droplet reaches a critical value, which is
expressed as
q R  8  0a 3

(2.1)

where  0 is the permittivity constant,  is the surface tension of the droplet, and a is the
droplet radius. Eq. (2.1) shows the charge limit of a droplet decreases as droplet size
decreases.
Consider a droplet with the initial size of a 0 and charge of q 0 . The Rayleigh limit can
be expressed as
q R 0  8  0 a 0

3

(2.2)

Assume the droplet charge reaches Rayleigh limit when the radius decreases to a,
q0  8  0a 3

(2.3)

Then we have
3/ 2

where q0 / q R 0

q0  a 
 
(2.4)
q R 0  a0 
is defined as charge ratio. If we would like to the study the evaporation

process from beginning to 10% of the initial size, the charge of the droplet needs to be less
than 3% of the Rayleigh limit. The charge ratio of droplets under cone jet mode is around
70%. The value gradually decreases under pulsing mode and dripping mode. Therefore the
ES will be performed under dripping mode and pulsing mode to reduce the initial charge
ratio.
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2.2 Droplet injection
There are two issues with using electrospray atomization for levitation. First, the
electrospray process generates droplets at very high rate (~100,000 droplets/second),
which are way more than we need. Second, the velocity of the droplets is too high (~10m/s)
for the levitation device to be discussed in Section 2.3. Therefore, the droplet injection
component will serve two functions: firstly to serve as a filter and shutter, and secondly to
decelerate the droplet to the velocity of ~5cm/second.
Figure 7 illustrates the design of the droplet injection component. It mainly consists
of two flat parallel metal plates with small holes at the center. The top plate functions as the
first filter of droplets, as the area of the hole is only 1/1000 of the footprint of the
electrospray. The second plate will further filter excess droplets. A simple mechanical
shutter is placed on top of the top plate that allows manual open and block of the first
injection hole. By opening the shutter for a few seconds, a charged droplet will pass both
holes and reaches the levitator.
In addition, the DC electric field is established between the two plates which slow
down the charged droplets. The potential difference between the two plates is slightly
smaller than the voltage required for generating electrospray. This makes sense because the
electrospray is a very efficient process which convert majority of the electric potential
energy into liquid droplets’ kinetic energy during the atomization phase; while during the
injection process the droplets lose nearly all kinetic energy (99%) in penetrating the electric
potential barrier.
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HV1
HV2

Figure 7: Design of the droplet injection component

2.3 Electrodynamic Balance Levitation System
We use the electro-dynamic balance (EDB) which is capable of levitating droplet diameters
of a few tens or micrometers (Shaw, 2000; Davis, 1980; Agnes, 2002) that is desirable for
investigating both diffusion-rate controlled and kinetically controlled evaporation regime
(Davis, 1980). To use EDB, the droplet would have to carry electric charges, which requires
integrating the capability of adding electric charges to droplets with droplet generation. The
combination of EDB and ES provides an effective tool suited for the study of the evaporation
and burning characteristics of fuel nanofluid droplets. Droplets thus generated carry static
electric charges and, when placed in a properly design electric field as that using EDB, can be
suspended immediately followed by experimental probing prior to significant evaporation
(this is especially notable as the D2-law indicates that smaller droplets evaporate faster than
larger droplets).
EDB is developed based on the quadrupole mass filter that is proposed by Paul and
Steinwedel (1953). A charged particles suspended by means of the electrical fields. The
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device can trap particles with the size range of nanometer to hundreds of micrometer by
adjusting the AC frequency and magnitude.
Many configurations have been developed according to specific application. Wuerker (1959)
introduced the bihyperboloidal electrode configuration to trap ion. Straubel(1959)
developed a relatively simple configuration consisting of an AC ring electrode placed in the
middle of DC planes. Maloney, 1995 developed a modified version of EDB to measure the
trajectories and drag force characteristic of individual particles.

A simple form of

electrodynamic balance with the double ring geometry was analyzed by Davis, 1990. Zheng,
2001 also introduced a double ring device to achieve control of a particle in three dimensions.
In all these electrode configurations, the oscillatory forces that is exerted by the AC
filed to trap the particle. The DC field applied is used to balance the gravitational force and
any other vertical forces on the particle.

2.3.1 Theory of classic bihyperboloidal EDB device
The classic bihyperboloidal configuration includes hyperboloidal endcap electrodes and a
central ring electrode. The ac voltage is applied to the ring electrode to achieve the focusing.
The endcaps are connected to dc voltages to introduce upward electrical force and the
distribution of the positive and negative potential is adjusted according to the polarity of the
charged particle. If the particle has positive charge, the positive voltage should be applied on
the bottom endcap and negative voltage should be connected to the top endcap and vice
versa.
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Figure 8 Schematic of the hyperboloidal ion trap
(http://static.sewanee.edu/physics/SEMINARS/HTML%20Griffith/sld004.htm)

The electric field generated by ac voltage applied on the ring electrode is expressed
as

E z  2C1


Vac z
(cos t )k
z0

(2.5)

Vac r

(2.6)
(cos t )r
z0


where  is the frequency of the AC voltage, k and r are the unit vectors in the vertical and
E r  C1

radial direction, 2 z0 is the distance between the two endcap electrodes, E z and E r are
electric field vectors in the vertical and axial directions, respectively. Since the geometry of
the device is axisymmetric the electrical field component in the angular direction is 0. C1 is
geometric constant. For the classical bihyperboloidal configuration C1  1 / z 0 , so Eq. 4.5 can
be expressed as
E z  2Vac



z
z0

2

(cos t ) k

(2.7)

From the expressions of electrical field induced by ac voltage, we can see the charged
particle in the space surrounded by the electrodes is subject to periodic forces whose
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strength are proportional to the distance from the center of the device. The electric field tha
is produced by a dc voltage, Vdc , in the EDB device is
E dc  C 0

Vdc 
k
z0

(2.8)

where C0 is also a geometrical constant. In the electrical field of two infinitely large parallel
plates the electrical field is uniform and C0 is 1. While in the bihyperboidal configuration the
electrical field is not uniform and the value of C0 varies at different positions. Since the ac
voltage is used to encounter the vertical forces when the particle is trapped in the nullpoint
where the minimum electrical potential exists (the center of the device). The value of C0 is
important, which can be obtained by numerically solve the electrical field of the
corresponding EDB configuration. Here the value of C0 is assumed to be 1 from the
expression of dc electrical field given in Davis, 1980. The dc electrical field at the nullpoint is
expressed as
E dc 

Vdc 
k
z0

(2.9)

Suppose a charged particle is injected vertically from the center of the top endcap to
a dynamic field. The trajectory of a charged particle with the mass of m and charge of q in the
electrical filed are described as




d 2z
dz
F  m 2  C d
 qE z  mg  qE dc  Fz
dt
dt

(2.10)

and
m


d 2r
dr


C

q
E
d
r
dt
dt 2
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(2.11)

where Fz are external forces such as the thermophoretic force , the photophoretic force and
possibly, magnetic forces and so. We are not introducing any external forces here and Fz =0
in our study, Cd is the drag coefficient and for a spherical particle it can be defined by
C d  3d

(2.12)

where d is the particle diameter, and  is the viscosity of the gas phase.
Substitute equations 2.4, 2.6, 2.7 and 9 into equations 2.10 and 2.11, we have
m

qV
d 2z
z
dz
 2qVac 2 cos t  dc  3d
 mg
2
z0
dt
dt
z0
m

d 2r
dr
 3d
 qEr
2
dt
dt

(2.13)

(2.14)

In the absence of external forces, the function of dc voltage thus becomes to
overbalance the gravitational force.


qVdc
 mg
z0

(2.15)

Then Eq.2.13 becomes

m

d 2z
z
dz
 2qVac 2 cos t  3d
2
dt
dt
z0

(2.16)

Equations 2.14 and 2.16 are second order nonlinear differential equations which are
not easy to get analytical solution directly. Therefore the following nondimensional
quantities are introduced,
z
z0
r
R
z0

(2.17)

t
2

(2.19)





We have
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(2.18)


d 2  6d  d
 q  V

 8  2 ac 2  cos( 2 )  0

2
d
 m  dt
 m   z 0 

(2.20)

d 2 R  6d  dR  q  Vac 

 4  2 2  R cos( 2 )  0

d 2  m  dt
 m   z 0 

(2.21)

Apply transformations


   e b

(2.22)



R  Re b

(2.23)

where b  3d / m , Equations 2.20 and 2.21 become
d 2ˆ  2  q  Vac
  b  8  2 2
d 2 
 m   z 0



 cos( 2 ) ˆ  0





d 2 Rˆ  2
 q  V
  b  4  2 ac 2
2

d
 m   z 0




 cos( 2 )  Rˆ  0





(2.24)
(2.25)

Rewrite the above two equations, eqs. 2.24 and 2.25
d 2ˆ
 a  2q z cos( 2 ) ˆ  0
d 2

(2.26)

d 2 Rˆ
 a  2q r cos( 2 ) ˆ  0
d 2

(2.27)

 q  V 
where a  b 2 , q z  2qr  4  2ac 2  .Now we have the classical Mathieu Equation whose
 m   z 0 
stability region has already been established. Figure 9 shows the stability region (enclosed
by red lines) in parameter space of a and q z . It has many separated regions; we can call the
most left enclosed region stability region 1, the next stability region 2, etc. The solution in
the r direction can be solved similarly. The stable region should be intersection of the both
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directions. Compare equation (2.26) and (2.27), q z is two times of qr , which means the
displacement in r direction is always stable as long as it is stable in z direction. Therefore the
electrical field is adjusted to fulfill the stability in the z direction.
It should be noticed from equations 2.22 and 2.23 that the solutions of equations to
the displacement is actually the product of the solution of Mathieu’s equation and an
exponentially decreasing term, therefore the stability region is expanded, which means some
of the unstable region in Stability chart of Mathieu’s equation is now stable due to the
exponentially decreasing term. The details of the expanded stability region are derived in
Appendix B.
If a particle is to be trapped in the nullpoint, it goes through a complicated trajectory
before it is focused at the center. At a fixed time, if the electric field has coverage effect at the
x direction, then it will have diverge effect at the z direction, and vice versa, but the overall
effect is to focus the particle to the center after a complicated trajectory if we chose
parameters to be at the overlapping region.
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Figure 9 Stability chart of Mathieu Equation

2.3.2 Numerical approach to determine ideal operating conditions
From stability analysis in section 2.3.1 the parameters involved in determining whether
trapped particles can stabilize in the nullpoint finally are Vac , Vdc ,  and charge mass
ratio( q / m ). It does not take the maximum displacement the particle can travel nor the time
needed to stabilize into account. Besides satisfying the stability criteria the trapped particle
should always remain inside the chamber, which means the maximum displacement the
particle could travel should be less than the minimum dimension of the center to the wall of
the trapping system. Furthermore once the particle is injected to the trapping system the
time needed to stabilize the particle in the center also matters for some time consuming
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experiment such as evaporation, reaction and combustion process. We are interested in
studying the evaporation of micro sized liquid droplet. The lifetime of the droplet in our
study is around a few seconds, and our goal is to study the evaporation process from the
initial injected droplet. Therefore reducing the response time in trapping the droplet is
important.
For the above reasons, we adopted the numerical simulation approach to solve the
2nd order differential equation (2.7) with proper initial conditions. The Matlab code solving
this problem is provided in Appendix C. The trajectories of ethanol and glycerol droplets with
size of 10µm and 100 µm are studied under different induced velocities. The charge ratio of
all the cases discussed below is 70% Raleigh limit.
The droplet is injected from the top of the four rings EDB setup right through the axis
of the rings. The droplet vibrates up and down under the ac electrical field and will finally
stabilize in the center point when dc is set to overbalance gravity and ac voltage and
frequency was set to satisfy the stability criteria. The separation distance of ac rings is 6 mm,
so the displacement should always be within the -3~3 mm during the vibration process. The
simulation results shows that for a 100 µm droplet with induced velocity larger than 2 m/s
the droplet can easily go out of the rings even it will stabilize finally.
Figures 10~13 list the trajectories of 100 µm droplet under various induced velocities.
The droplet can go up to 10 mm under 0.7 m/s. By reducing the velocity the maximum
displacement can be reduced, the droplet is maintained between the space of ac rings once
the velocity (u) is 0.01 m/s. The figures also show the response time to stabilize droplet
decreases as velocity decreases. Figure 11 shows the trajectory of a 100 µm droplet under
the velocity of 3 m/s we can see the maximum displacement is around 7.5 mm, which is less
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than that of a larger droplet (100 µm) under 0.7 m/s. From the above analysis we can
conclude that the bigger droplet size needs much smaller velocity to help maintain the
droplet within the EDB setup and reduce the response time to get stabilized. Since the
droplet velocity from ES is usually larger than 3 m/s, the velocity should be damped before
reaching the EDB setup. In our work extra upward electrical field is applied to reduce the
droplet induced velocity, the detailed information will be discussed in section 2.4.

Figure 10 Trajectory of droplet in the vertical direction with d=100µm,  =1256rad/s, Vac
=2000V,u=0.01m/s
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Figure 11. Trajectory of droplet in the vertical direction with d=100µm,  =1256r0ad/s, Vac =2000V,

u=0.4m/s

Figure 12. Trajectory of droplet in the vertical direction with d = 100 µm,  = 1256 rad/s, Vac = 2000 V, u =
0.7 m/s
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Figure 13. Trajectory of droplet in the vertical direction with d = 10 µm,  = 1256 rad/s, Vac = 2000 V,u = 3
m/s

2.3.3 Theory of double rings EDB device
Although the classical configuration of the device is the bihyperboloidal chamber, many
other configurations that are much easier to build have been developed as described in the
introduction part in chapter 2.3. For the simplicity of construction and also feasibility for
optical device, we adopted the simplest configuration developed by Weiss-Wrana, 1983, Ray
and Souyri, 1989 and Davis, 1990. The ac and dc electrodes are replaced by four parallel
rings. Figure 14 shows the geometry and circuitry. The top and bottom rings are connected
to dc voltage. The relative potential difference is determined by the polarity of the charged
droplet. In our study the droplet has positive charge, so the higher potential should be
connected to bottom ring to induce upward electrical field. The middle rings are connected
to ac voltage and the other end of the ac voltage is connected to the ac circuit with the
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potential of Vac / 2 . In our experiment the point is connected to ground with 0 potential,
therefore the potentials of top and bottom rings become  Vac / 2 and Vac / 2 , respectively.
Analytical solution of the electrical field is provided in Davis, 1990.
E ac , z 

Vac cos wt
z
 (1 ,  2 )( R 2  h 2 ) 3 / 2

E dc , z 

(2.28)

Vdc z 0

(2.29)

 ( 3 ,  4 )( R 2  z 0 2 ) 3 / 2

where R is distance of the center point to electrodes, h and z 0 are the distances from the
center point to the ac and dc electrodes,  (1 ,  2 ) and  (1 ,  2 ) are geometrical parameters
which are expressed as
K (1 )
K ( 2 )

2R
2( R 2  h 2 )1 / 2
K ( 3 )
K ( 4 )
 ( 3 ,  4 ) 

2
2
2R
2( R  z 0 )1 / 2

 (1 ,  2 ) 

(2.30)
(2.31)

Where K (1 ) , K ( 2 ) , K ( 3 ) and K ( 4 ) are the complete elliptic integrals of the first kind.
The function of K (k ) has the simplified approximation
K (k ) 



2

2

 (2n  1)!! 2 n
 1  2  1 3  4
 k    
1    k  
 k    
2  2
 24
 (2n)!! 
2

(2.32)

The precision of the aproximation is smaller than 3  10 4 for k < 1/2. 1 ,  2 ,  3 and
 4 have the following forms

1   3  1  t 2 / 4R 2

(2.33)

 2  1  (t 2  4h 2 ) /(4 R 2 )

(2.34)

 4  1  (t 2  4 z 0 2 ) /(4 R 2 )

(2.35)
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where t is the radius of the ring electrode. Compared to the electrical field in classical
bihyperboidal geometry (eqs. 2.5 and 2.7), eq.2.28 can also be written as the form of

Eac , z 

Vac cos wt
z
z  2C1Vac cos wt
2
2 3/ 2
 (1 ,  2 )( R  h )
h

(2.36)

where geometric constant of C1  h / 2( (1 ,  2 )( R 2  h 2 ) 3 / 2 ) , Similar to analogy in ac
electrical field eq. 2. 29 can be written as

E dc , z 

Vdc z 0
 ( 3 ,  4 )( R  z 0 )
2

2 3/ 2

 C0

Vdc
z0

(2.37)

where C 0  z 0 / (  ( 3 ,  4 )( R 2  z0 ) 3 / 2 ). The only differences of the electrical fields between
2

2

classical bihyperboloidal and four rings configurations are the geometrical constants. The
theoretical analysis in section 2.3.2 is also applicable for the four ring configuration.

Figure 14 Configuration of the double-ring electrodynamic balance

The values of C0 and C1 can also be obtained with the numerical approach by solving
the Laplace. For the boundary condition we use the dimension of the experimental setup
(details will be shown in section 2.4), the four rings have the same dimension, the radius of
the ring electrode (t) is 1.15 cm. The distance between the ring center and the electrode ( R )
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is 11.35mm. The separation distance of the middle ac electrodes ( 2h ) is 6 mm. The distance
of the two dc electrodes ( 2z 0 ) is 25 mm. The simulation is implemented in COMSOL. The
origin of the 2-d cylindrical coordinate is set to be at the center point of the EDB setup. When
calculating the electrical field induced by ac voltage, the potential of dc electrodes were set
to be 0. From eq.2-29 we can see the relation between the electrical field and the z
coordinates is linear at any time. To get the constant value ( C1 ), we only need to apply a
potential to the ac electrodes and get the plot of vertical electrical vs. coordinates, the slope
of the plot is 2C1 / h . The ac electrodes were set to be 2000 K. Figure 14 shows the electrical
field in the z direction. It shows the electrical field can be approximated to be linear between
the two ac rings ( -0.003-0.003m ) (shown in Figure 15).

Figure 15 Vertical electrical field at Vac=2,000 V
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Figure 16 Zoom in picture of vertical electrical field between ac rings at Vac=2,000 V

2.4 Droplet visualization
To image the micro droplet with highest possible optical resolution (i.e. only limited by the
Abbe diffraction limit), great care needs to be taken on the design of the visualization
subsystem. The challenges come from two aspects: first, the high AC voltage of the EDB;
second, the motion blur caused by the combined high magnification rate and hovering
motion of the droplet.
We used a 10x long working distance microscope lens (Edmund Optics EO M Plan Apo
infinity-corrected) to allow sufficient distance away from the charged metal rings. The
working distance of the lens is 33.5mm, with a focal length of 20mm. The Numerical Aperture
NA is 0.28. The diffraction limit states:
d  L / 2 NA

(2.38)

where d is the resolution limit, L is the light source wavelength. This suggests that with
typical visible light wavelength of 540nm (green light), the resolving power of the lens is ~
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1µm. It also suggests that shorter wavelength will result in slightly higher resolution. In
addition, the light source should be nearly monochromatic to minimize chromatic dispersion.
Because of these considerations, we choose a high power blue LED as the light source, which
is collimated into approximately parallel beam.

Figure 17 Single levitated evaporating ethanol droplet

The camera we used is a Canon 650 DSLR. The sensor size of the camera is 22.3 ×14.9
mm, and the pixel number is 5184 ×3456 with the pixel size of 4.3 ×4.3µm. To ensure each
pixel matches the revolving power of the lens (~1µm), we added extension tube adapter to
the lens and achieved 8.3x effective optical magnification.
The droplet will not be absolutely still in the EDB. The typical hovering speed of the droplet
is about 5 cm/s. With 8x magnification, the image moving speed is 40cm/s. To avoid motion
blur, an exposure time should guarantee the image does not shift more than half of a pixel,
or ~5µs. This value is unachievable by the camera. Instead, we strobe the LED light with
short pulse of ~1µs. The LED is driven by a pulse generator, which is triggered by a function
generator set at 29.97 Hz (same frequency of the video mode of the camera). Note that if the
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triggering frequency is not synchronize as the video mode of the camera, a rolling fringe
artifact will appear on the video footage (shown in Figure 17).

2.5 The completed experimental apparatus
The complete experimental setup is shown in Figure 18, which consists of the subsystems
previously described: droplet generation, droplet injection, droplet levitation, and
visualization.
The atomizer is a stainless steel needle charged at positive high voltage V1 . The top
plate of the injector (or extractor) is connected to negative high voltage (  V2 ). Electrospray
is generated by the voltage difference between the nozzle and the extractor ( V1  V2 ). After
the extracted jet go through the hole (3 mm) right below the needle the jet breaks up into
droplets with a certain velocity, as shown in Figure 18. The injection component and EDB
are mounted on a 2-d stage to allow easy alignment. The two systems are connected with the
metal rods with plastic screws on the connection parts for insulation.
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Figure 18. Experimental setup

As discussed in section 2.2 the velocity of the droplets should be reduced before
entering the EDB. The injection system is formed by two parallel Alumina plates, one is used
as extractor in ES system with the dimension of 2 inches ×2 inches, the other is used as
ground with the dimension of 4 inches × 4 inches (shown in Figure 18). The grounded plate
separates the electrical field in the damping system and that in the EDB. The reason for the
lager ground plate is that the spray profile is developing as it propagates, and the radius of
cross section is approximately proportional to the square root of distance it travels. The
separation distance of the two plates is 2 inches, so the grounded plate has the dimension of
4 inches ×4 inches. There is one hole on the plate with the radius of 3 mm, which allows very
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few droplets to go through. The holes on the two plates are aligned with the center of the
trapping system. There is an upward electrical field to damp the droplet velocity.  V2 can
be adjusted to make most of the droplet fly back while still allows few to go through the hole
in the grounded plate.
Figure 19 shows the spray profile in the injection section. Compared to Figure 20
most droplets fly upward and only a few droplets can go through the holes on the bottom
plate to the trapping system. Figure 21 shows the droplet injection velocities into the
trapping systems under various negative high voltages. The velocity decreases as voltage
increases. As discussed in section 2.3.3 smaller velocity is good for trapping.
The four rings are inserted to a machined support to make the four rings coaxial. The
support is fixed right below the grounded plate. Therefore once the droplet goes through the
grounded plate it can be levitated.

Figure 19. Electrospray profile of glycerol under cone jet mode with the flow rate of 2 ml/h without damping
system
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Figure 20 Electrospray profile of glycerol under cone jet mode with the flow rate of 2 ml/h with damping
system by setting  V2 = -0.943 kV

Velocity (m/s)

1.5

1.2

0.9

0.6
0.0

0.5

1.0

1.5

HV2 (kV)

Figure 21 Droplet injection velocities under different electrical field
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2.6 Performance of the experimental apparatus
We have successfully generated, injected, levitated, and imaged microdroplets of glycerol,
water, and water+ethanol mixture. Figure 22 (a) shows the still image of the levitated micro
glycerol droplet. The droplet size is measured through counting the number of pixels. The
uncertainty is  0.52 µm.
(b)

(a)

Figure 22 Microdrop imaging. (a) Direct zoom lens image. (b) Magnified image of 102 µm droplet

Because the video recording frame rate is 30 Hz, and the typical droplet evaporation
time (100µm) is ~3 seconds, the complete evaporation even can be capture with 100 or
more frames, which are adequate for both qualitative and qualitative investigation. For
example, Figure 23 shows the image sequence of the complete evaporation history of a 90
µm water droplet with 178 images which allow full characterization of the droplet size
change history.
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Figure 23 Complete evaporation history of a micro water droplet
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Figure 24 shows the typical behavior of pure DI water, which closely follows D2-law.
This suggests our experimental setup is a powerful tool to study the evaporation of
microdroplets.
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Figure 24 Droplet size history of a evaporating micro water droplet
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CHAPTER 3. THEORETICAL MODEL WITHOUT INTERNAL CONVECTION

This chapter aims to develop a novel model to describe the evaporation of the droplets
containing particles. The governing equations of the heat and mass transfer mechanism are
based on evaporation of pure liquid. The effect of accumulation of solid particles at the
droplet surface in the first stage is considered. The model is validated through published
experimental data. Then the effects of Peclet number, initial particle concentration, and
particle properties, such as wettability, on the evaporation process are discussed.

3.1 Theoretical model

3.1.1 Evaporation stages
As it has been described in Chapter 1, from the droplet morphological point of view, the
evaporation process consists of two stages. During the first evaporation stage, the liquid
evaporates from a free liquid surface. The evaporation rate can be assumed to be the same
as that for a pure liquid droplet until the droplet surface is populated with solid particles.
The pure liquid-like evaporation is followed by formation of the clusters of particles (i.e.,
solid crust), beginning with the appearance of particle aggregates until the droplet surface
is completely covered by the crust, which can be considered as rigid. In the second
evaporation stage, the liquid-vapor interface retreats to the inside of the crust. Evaporation
would then occur when the liquid from within the crust reaches the crust through capillary
action until complete evaporation is achieved.
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The transition from the first evaporation stage to the second evaporation stage is
quantitatively defined by the minimum liquid concentration or maximum solid
concentration. The present work is focused on the detailed modeling during the first
evaporation stage.

3.1.2 Heat and mass transfer at the droplet surface
Consider a droplet containing insoluble spherical particles. The particle size can be either
micro or nano sized. Assume that the particles are initially evenly distributed within the
droplet, as shown in Figure 25 (phase (i)). As the liquid evaporates, some particles from the
evaporated volume are “trapped” at the droplet surface (“inclusion” as described in
Derkachov et al. (2008) and phase (ii) in Figure 25). The particles on the surface will be
partly immersed in the liquid (Yarin et al., 2002) and the exposed area of these trapped
particles represent a reduction in the droplet surface from which liquid evaporates. The
effective surface area for evaporation is denoted as 𝐴𝑒 in Figure 25, while the nominal
surface of the droplet is 𝐴𝑡 (the total area). The enlarged view illustrating 𝐴𝑒 is shown in the
inset of Figure 25. Further evaporation and reduction of the droplet diameter lead to more
gathering of particles on the surface. When the surface concentration of the particles reaches
its maximum value, a shell of densely packed particles is formed at the droplet surface. (Sen
et al., 2009). The saturated surface density corresponds to the neatly packed particles on
the droplet surface (phase (iii) in Figure 25) and to the shell formation.
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i

ii

iii

Figure 25 Evaporation of liquid suspension droplet

Since the size of the suspended particle is far smaller than the liquid droplet size of
engineering interest, the effect of adsorbed particles on the fluid interface deformation is
negligible and a nearly flat interface is reasonable approximation near the particle (Zeng et
al., 2012). Therefore the shell is a layer of densely packed partially wetted particles. The
evaporation front becomes a shell of particles containing the remaining solution inside of it
and enclosing interstitial areas filled with liquid. The total of the interstitial area is thus 𝐴𝑒 ,
which depends on the wettability of the particle that in turns depends on the contact angle
of the particles in the liquid-air interface (Zeng et al., 2012).
For a single droplet in a non-convective atmosphere, the classical 𝑑 2 -law assumes
quasi-steady evaporation and uniform and constant temperature throughout the droplet.
Under these assumptions, the conservation of mass in the gas phase (i.e., the surrounding
environment can be written as (Glassman et al., 2008)
𝑑𝑌

𝑑

𝑑𝑌

4𝜋𝑟 2 (𝜌𝑣) ( 𝑑𝑟 ) = 𝑑𝑟 [4𝜋𝑟 2 𝜌𝐷 (𝑑𝑟 )]

(3. 1)

where 𝑣, 𝑌, and 𝐷 are, respectively, the gas velocity, the mass fraction of liquid vapor, and
liquid vapor mass diffusion coefficient. Applying the boundary conditions at the surface, Eqn.
(3. 1) becomes
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𝑑𝑌

𝜌𝑙 A𝑡 𝑟̇𝑠 = 𝜌𝑠 𝐴𝑒 𝑣𝑠 = 𝜌𝑠 𝑌𝑠 𝑣𝑠 𝐴𝑒 − 𝜌𝐷 ( 𝑑𝑟 ) 𝐴𝑒
𝑠

(3. 2)

Where 𝜌𝑙 is the liquiddensity and 𝑟̇𝑠 the rate of change of droplet radius, and the subscript 𝑠
denotes conditions at the droplet surface. The definitions of A𝑡 and A𝑒 are shown in Figure
25. For the pure liquid droplet A𝑡 = 𝐴𝑒 . Equation (3.2) states that the bulk mass flow rate
(𝜌𝑠 𝐴𝑒 𝑣𝑠 ) leaving the droplet surface equals to the amount of the liquid vapor that is being
evaporated minus the amount of the liquid vapor that diffuses back to the surface. In Eqn.
(3.2), 𝐷𝜌 is constant for the equilibrium (i.e., 𝐷𝜌 = 𝐷𝑠 𝜌𝑠 ). It is known that the liquid vapor
velocity, 𝑣𝑠 , is related the surface vapor mass fraction by the following expression:

𝑣𝑠 =

𝐷(

𝑑𝑌
)
𝑑𝑟 𝑠

(3. 3)

𝑌𝑠 −1

Where Y is the liquid vopor mass fraction and the subscript 𝑠 denotes conditions at the
droplet surface. Substituting Eqn. (3. 3) into Eqn. (3. 2) and rearranging yields
𝜌 𝑑𝑟𝑠

𝑣𝑠 = −𝛽 𝜌𝑙

𝑠

(3. 4)

𝑑𝑡

where 𝛽 = 𝐴𝑒 ⁄A𝑡 .
Solving Eqn. (3. 3) and incorporating surface conditions leads to
𝑟𝑠 𝑣𝑠
𝐷𝑠

= ln

𝑌∞ −1

(3. 5)

𝑌𝑠 −1

By combining Eqns. (3. 4) and (3. 5), the following relationship between droplet diameter
and time can be found
𝑑𝑑2
𝑑𝑡

= −𝐾 ′ = −

8𝛽𝐷𝑠 𝜌𝑠
𝜌𝑙

ln

𝑌∞ −1
𝑌𝑠 −1

(3. 6)

where 𝐾 ′ is the effective evaporation rate constant. Comparing the pure liquid result for 𝐾
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𝐾=−

8𝐷𝑠 𝜌𝑠
𝜌𝑙

ln

𝑌∞ −1
𝑌𝑠 −1

(3. 7)

one finds
𝛽 = 𝐾 ′ ⁄𝐾 = 𝐴𝑒 ⁄A𝑡

(3. 8)

A more detailed description of evaporation rate of the pure liquid is given Appendix
A. Equation (3. 8) indicates that the effective evaporation rate from the droplet surface can
be reduced due to accumulation of particles at the droplet surface. To determine 𝛽, the task
becomes that of determining the rate of particle accumulation on the droplet surface, and
thus 𝐴𝑒 .

3.1.3 Solid- liquid interaction
The partially submerged particle on the droplet surface is shown in the schematic in Fig. 25.
It can be seen that 𝐴𝑒 = A𝑡 − 𝐴𝑝 , where 𝐴𝑝 is the droplet surface area occupied by all the
particle at the surface. The area 𝐴𝑝 is the product of area that occupied by a single particle
(𝐴𝑠𝑝 ) and the surface particles number (𝑁𝑠 ). Therefore,
𝐴𝑝 = 𝑁𝑠 𝐴𝑠𝑝

(3. 9)

With the nomenclature shown in Fig. 2, 𝐴𝑠𝑝 is expressed as
𝐴𝑠𝑝 = 𝜋𝑟 2 = 𝜋(𝑟𝑝 𝑠𝑖𝑛𝜙)2

(3. 10)

Geometric consideration of the angles shown in Fig. 2 reveals that
𝜙 =𝜃+𝜑

(3. 11)

where 𝜃 is the particle contact angle on the liquid-gas interface. As mentioned earlier, the
deformation of the liquid surface at the contact region of particles much smaller than the
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droplet is negligible and the liquid surface can be assumed to be flat (Zeng et al., 2008),
resulting in 𝜑 = 0. Therefore

𝜙= 𝜃

(3. 12)

Equation (3. 9) becomes
𝐴𝑠𝑝 = 𝜋𝑟 2 = 𝜋(𝑟𝑝 𝑠𝑖𝑛 𝜃)2

(3. 13)

Figure 26. Side view of a single particle trapped at the liquid-gas interface

It is now desirable to determine 𝑁𝑠 in Eqn. (3. 9) as a function of time. As droplet
surface regresses, the particle concentration on and near the surface increases, while the
concentration near the droplet center takes a longer time to adjust to the regression,
resulting in a concentration gradient in the radial direction. To obtain the instant surface
density (𝐶𝑠 ), the particle number in the unit volume, Fick’s second law of diffusion (Vehring
et al., 2007) is adopted to account for the two competing process involved in the evaporation
process—droplet receding and particles diffusion:
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𝜕𝐶
𝜕𝑡

=

𝐷𝑝𝑙 𝜕2 𝐶
𝑟𝑠

2

2𝜕𝐶

𝑅𝜕𝐶𝜕𝑟

(𝜕𝑅2 + 𝑅𝜕𝑅) + 𝑟 𝜕𝑅𝜕𝑡𝑠
𝑠

(3. 14)

where 𝐶 is the instantaneous concentration of solute as a function of time and location, 𝐷𝑝𝑙 ,
the diffusion coefficient of particles in the liquid phase, 𝑟𝑠 , the droplet radius, and R, the
normalized radial coordinate, 𝑅 = 𝑟/𝑟𝑠 . The analytical solution of Eqn. (3. 14) is provided in
Vehring et al. (2007) and Leong (1987), that is

𝐾
∙𝑅 2 /2)
8𝐷𝑝𝑙
1
𝐾
3 ∫0 𝑅 2 exp(
∙𝑅 2 /2)𝑑𝑅
8𝐷𝑝𝑙

𝑒𝑥𝑝(

𝐶𝑠 = 𝐶𝑚

(3. 15)

where 𝐶𝑠 and 𝐶𝑚 denote the volumetric particle concentration at the droplet surface and the
volume-average particle concentration throughout the entire droplet.

The average

concentration is described as
𝑑

𝐶𝑚 = 𝐶0 ( 𝑑0 )3

(3. 16)

where 𝑑0 is the initial droplet diameter.
Equation 3.15 describes the surface particle concentration change in the evaporation
process. The combined results of Eqns. (3. 15) and (3. 16) suggest that both 𝐶𝑠 and 𝐶𝑚 are
functions of 𝐶0 and 𝑑0 . The value of the term following 𝐶𝑚 on the right-hand side of Eqn. (3.
15) depends on 𝐾/𝐷𝑝𝑙 , which is essentially a Peclet discussed in the chapter 1. For
simplification, Vehring et al. (2007) used 𝑃𝑒 ≡ 𝐾/8𝐷𝑝𝑙 and the rest of this paper adopt this
definition. Thus
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𝐶𝑠 = 𝐶𝑚
Where 𝐸 =

𝑒𝑥𝑝(𝑃𝑒∙𝑅 2 /2)
1
3 ∫0 𝑅 2 exp(𝑃𝑒∙𝑅 2 /2)𝑑𝑅

𝑒𝑥𝑝(𝑃𝑒∙𝑅 2 /2)

3

𝑑

1
3 ∫0 𝑅 2 exp(𝑃𝑒∙𝑅 2 /2)𝑑𝑅

= 𝐶𝑜 ( 𝑑𝑜 )

𝑒𝑥𝑝(𝑃𝑒∙𝑅 2 /2)
1
3 ∫0 𝑅 2 exp(𝑃𝑒∙𝑅 2 /2)𝑑𝑅

(3. 17)

, 𝐶𝑜 and 𝑑𝑜 are the initial particle concentration and initial

droplet diameter, respectively. With 𝐶𝑠 known, 𝑁𝑠 can be obtained for a given 𝑟𝑝 by
accounting the particles number in the control volume where the first layer particles reside.
The thickness of the first layer particles is 𝛿, and as an approximation 𝛿 = 𝑑𝑝 . Therefore,
𝑁𝑠 = 𝐶𝑠 (𝜋𝑑 2 𝛿) = 𝜋𝐶𝑠 𝑑 2 𝛿

(3. 18)

By incorporating Eqns. (3. 8), (3. 9), (3. 13), and (3. 18), one finds
𝛽=

𝐴𝑡 −𝐴𝑝
𝐴𝑡

= 1−

𝑁𝑠 𝐴𝑠𝑝
𝐴𝑡

= 1 − 𝐶𝑠 𝛼 (

3
𝜋𝑑𝑝

4

)=1−

3𝐸
𝛼𝑑𝑝

4

𝑑

3

𝐶𝑜 ( 𝑑𝑜 )

(3. 19)

where 𝛼 = 𝑠𝑖𝑛2 𝜃. Combine equations (3. 6) and (3. 18), the evaporation rate of droplet
containing insoluble particles, 𝐾 ′ , is written as

𝐾 ′ = 𝛽𝐾 = 𝐾 (1 −

3𝐸
𝛼𝑑𝑝

4

𝑑

3

𝐶𝑜 ( 𝑑𝑜 ) )

(3. 20)

The results of Eqns. (3. 19) and (3. 20) suggest that the effective surface area and the
evaporation both decrease with 𝐶𝑠 and 𝑑𝑝 , as expected. Equation (3. 18) indicates that the
value of 𝐶𝑠 depends on 𝑃𝑒 and 𝐶𝑚 , with the latter being a function of time.
The solutions for 𝛽 and 𝐾′ involve an iterative procedure for 𝐾′ (so that 𝐶𝑚 in Eqn. (3. 16)
can be calculated as a function of time) and 𝐶𝑠 . The initial step assumes that 𝐾 ′ = 𝐾 (i.e. 𝐶𝑠 =
0). Then 𝐶𝑚 (and 𝑅) in Eqn. (3. 16), or 𝑑 in Eqns. (3. 18) and (3. 19) are calculated as
functions of time; it is clear that 𝐶𝑚 , 𝑅, and 𝑑 are related. The values in turn lead to 𝐶𝑠 in Eqn.
(3. 17) or, directly, to a new value of 𝐾 ′ , thus completing the iteration.
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The parameter 𝛼 depends on the contact angle, 𝜃, the liquid-particle pair. Judging
from the fact that 𝐾 ′ decreases with time (Chen et al., 2010; Gan et al., 2011), it is expected
that the particle at the droplet surface is not entirely covered by the liquid, leaving part of
the particle surface dry and exposed to the surrounding gas phase environment. It is for this
reason of the exposed dry particle surface that 𝐾 ′ < 𝐾 and increasingly so as more particles
gather on the droplet surface. The partially dry and exposed particle surface suggests that
𝜃 > 0 during the evaporation; otherwise 𝜃 = 0 would mean total immersion of the particle
in the liquid. Combining the colloidal stability (with or without the aid of surfactant)
requirement, 0 < 𝜃 < 𝜋⁄2 and the true angle is more likely to be on the smaller side of this
range. During the evaporation process (which is non-equilibrium), the value of 𝜃 is not fixed,
much like during receding process of a sessile droplet. Another complicating factor is that,
to these authors’ knowledge, no contact angle has been determined on a solid surface with
nano-scales. In this study, the contact angle is assumed to be constant throughout the
evaporation process; For example, for aluminum nanoparticle-ethanol nanofluid, the known
macroscopic value of 𝜃 = 40𝑜 is used (along with values for other solid-liquid pairs) unless
the value is provided otherwise.

3.2 Model Validation
The model is validated by comparing the prediction of droplet size history with the literature
data for the same physical process. The detailed information about the experiment is
provided in Table 1. In the model, the evaporation rate of pure liquid (K) is needed. The
model will adopt the evaporation rate of pure liquid if the value is given, otherwise, it will
use the evaporation rate of the liquid suspension at the beginning of the evaporation process.
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The details and values of relevant parameters are given in Table 1 for the experimental
results used for validating the present model.

3.2.1 Comparison with Derkachov et al. (2008)
Derkachov et al. (2008) used electrodynamic trap construction to study the evaporation of
nanofluid by levitating a droplet. The experiment was performed at a temperature of
15±0.3˚C, environmental pressure of 1006 kPa and environmental water vapor relative
humidity of 94%. The droplet has the initial diameter of 26 µm and the initial volume fraction
of polystyrene spheres was around 0.1%. The size of the suspended particles was 200 nm.
The detailed parametric values are given in Table 1.
Figure 27 shows the droplet size evolution process of the water droplet containing PS
particles. The figure shows that the model agrees well with the experimental result in the
first evaporation stage. As discussed in section 3.1, 𝐾 ′ = 𝛽𝐾. Therefore, K is constant for the
isothermal evaporation, and the change of K ' is caused by the change of β. The β plot shows
little change before 10 s, then a remarkable drop, demonstrating a change from the first stage
to the second stage at around 10 s (14793 s/mm2 in Figure 27). The Peclet number for the
experimental condition is 3.2 (shown in Table 1). The small change of evaporation rate in
the first evaporation stage can be explained by the Peclet number. For small Peclect numbers
(𝑃𝑒~1), the value of E is around 1. The particles have enough time to redistribute inside the
droplet. Therefore, there is little difference in the concentrations between within the droplet
and on the surface, which means that the particles have enough time to redistribute inside
the droplet. The small change of 𝛽 in the first stage shows that the particle number at the
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droplet is small. The evaporation is similar to that of pure liquid. Figure 27 shows the
evaporation rate reduces by 10% by the end of first stage.

3.2.2 Comparison with Gan et al. (2011)
Gan et al. (2011) used the pendant droplet approach to study the evaporation characteristics
of ethanl droplets containing nano Al particles. Figure 28 shows the comparison of size
history of an ethanol droplet with 2.5 wt.% nano-Al under natural convection at 300K. It is
worth noting that if the model applies the Peclet number that is calculated from the
experimental parameters (68), the droplet size (𝑑 ∗ ) when the shell forms is bigger than the
experimental observation. With equation 3.17, 𝑑 ∗ is expressed as
𝑑∗
𝑑0

𝑐 𝐸 1/3

= ( 𝑐0∗ )
𝑠

(3. 21)

where 𝐶𝑠 ∗ is the surface particle concentration when the shell is formed. For a Peclet number
of 68, 𝑑∗ is 0.66 mm. But, the experimental observation traces the droplet diameter down to
smaller droplet size, around 0.5 mm. The difference between the experiment and the model
predictions can be explained by the Peclet number. In the model, the value of 𝐷𝑝𝑙 is derived
from the Einstein Stokes relation, in which internal flow is not taken into account. As
discussed in Chapter 1, for pendant droplets, the internal circulation is a major factor that
affects the heat and mass transfer of the evaporation process. The internal convective flow
results in enhancement of the mass diffusion coefficient. For vigorous internal circulation
involved in the acoustic levitation system, the mass diffusivity can be enhanced by 6 orders
of magnitude (Nesic et al., 1991). For pendant droplets at natural convection conditions, the
internal flow is moderate. Therefore, the enhancement of mass diffusivity is small. In this
work, the mass diffusivity is modified in the model until the prediction of droplet size history
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agrees with the experimental data. The comparison with the experimental data shows good
agreement at around Pe = 30, in which the value of 𝐷𝑝𝑙 is enhanced by two times.
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Figure 27 Evaporation of water droplet with 0.1% nano-polystyrene particles
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Figure 28 Evaporation of ethanol droplets containing 2.5 % nano-Al under natural convection at 300K
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The model is also applied to predict the evaporation of liquid suspension under weak
forced convections. The internal circulation is more vigorous when the droplet is surrounded
by gas flow, leading to a bigger discrepancy of mass diffusion coefficient. Table 2 shows the
prediction of 𝑑∗ based on experiment parameters and the final droplet size it can reach,
respectively. It shows that 𝑑 ∗ is overestimated under the weak forced convection. For the
weak forced convection at 330 and 380 K, the predicted droplet size at the end of the first
evaporation stage is reduced by 10%, while experiments show that the droplet size can
reduce to 50% of initial size. To account for the effect of internal circulation on the particle
transport, the mass diffusivity is modified. Since studies on mass transfer coefficient in the
pendant droplet are rare, the mass diffusivity is modified to fit the experimental curve in this
work. A Peclet number is pre-assumed until the model agrees with the experimental droplet
size history. Table 2 shows that the Peclet number is around 1 under forced convection at
higher temperatures (330 K and 380 K).
Figure 29 shows comparison of droplet size histories of evaporating ethanol droplets
containing 2.5 wt.% nano aluminum under various temperatures. The model predictions
show that for natural convection, the evaporation deviates from the classical d2-law. For
evaporations at weak forced convections, it shows the evaporation behavior of pure liquid
droplets, which is consistent with experimental observations. It is worth noting that
experimental data only provides the droplet size down to 50%. The stabilization of droplet
size may be caused by either the termination of the first evaporation stage, at which the
droplet forms a crust and liquid vapor diffuses through inter particle space, or the distortion
of the droplet involved in the pendant droplet approach. However, there is no explanation
for the termination of experiment at 50% of initial size in Gan et al. (2011). The model
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predicts the size histories in the first evaporation stage and shows that the values of 𝑑 ∗ are
different under various gas temperatures. The droplet sizes at the end of the first
evaporation stage are smaller than in the experiments.
The model is supported by Gan et al. (2011), while the reason for the change of
evaporation rate during the evaporation of liquid suspension under natural convection
conditions is still not clear. Figure 30 shows the evolution of evaporation rate of liquid
suspension at different temperatures based on the model. The two axis are dimensionless.
The horizontal axis is the ratio of time to lifetime of the first stage. The 𝛽 (𝐾/𝐾 ′ ) plots show
a gradual decrease of evaporation rate in the first evaporation stage in all the cases. The
decrease of evaporation rate at larger Peclet number is faster than at lower. For a higher
Peclet number, the evaporation rate starts to decrease at the beginning of the evaporation
process. It is worth noting that the reduction of evaporation rate in the first evaporation
stage is the same for all the cases. It can be explained from the expression of 𝛽
3
𝜋𝑑𝑝

𝛽 = 1 − 𝐶𝑠 𝛼 (

4

)

(3. 22)

)

(3. 23)

Since the solid volume fraction is
3
𝜋𝑑𝑝

𝑌𝑉 = 𝐶𝑠 (

4

The evaporation rate ratio at the end of the first evaporation stage 𝛽 ∗ is rewritten as
𝛽 ∗ = 1 − 𝑌𝑉 ∗ 𝛼 = 1 − 𝑌𝑉 ∗ (𝑠𝑖𝑛𝜃)2

(3. 24)

In this model, the termination of the first evaporation stage is defined by the
maximum solid volume fraction, which is 𝑌𝑉 ∗ = 0.6. 𝛽 ∗ is determined by the contact angle.
As explained before, for all the cases discussed above, the contact angle is made to be 40°
unless the experimental data is given otherwise. The same contact angle leads to the same
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reduction of evaporation rate by the end of the first evaporation stage. It can also be
concluded form equation 3. 24 that for solid particles that have larger contact angles, the
decrease of evaporation rate in the first evaporation stage is larger.
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Table 1. Parameters used for the validation of analytical model, where * denotes application of Einstein- Stokes correlation, # denotes the Peclet number
based on experiment

Investigators

Derkachov et
al.
(2008)

Experimental
conditions

EDB

Base fluid

Water

Gan and Qiao,
(2011)

Pendant
droplet

NC
300K

Ethanol

Gan and Qiao,
(2011)

Pendant
droplet

WC
300K

Ethanol

Gan and Qiao,
(2011)

Pendant
droplet

WC
330K

Ethanol

Gan and Qiao,
(2011)

Pendant
droplet

WC
380K

Ethanol

Mezhericher
et al. (2012)

Acoustic levitated
At 15˚C

Initial
Parti
droplet size cles

Particle
size (µm)

Concentrat
ion* (/m3)

(m /s)

2.2×10

5.65×10

12

11

26 µm

Polys
tyren
e

0.2

2.39×1017

73

1 mm

Al

0.08

2.76×1019

40

1 mm

Al

0.08

2.76×1019

40

1 mm

Al

0.08

2.76×1019

40

1 mm

Al

0.08

2.76×1019

40

1.5 mm

silica

0.2

4.58×1017

40

∗
𝐷𝑝𝑙
2

-

70

PPe#

2

(m /s)

5.49×1
0

-12

5.49×1
0

-12

9.39×1
0

-12

2.32×1
0

3×10

-

3.2

-9

9.5×10

68

-9

1.62×10

-11

3.52×10

216
-

190

8

2.2×10

1.09×10

12

9

216

-

8

-

Water

Evaporat
ion
rate 𝐾

Contact
angle 𝜃
(˚)

-

61.9

Table 2 Comparison of droplet size at the end of first evaporation stage

Experimental
conditions

Prediction of 𝑑 ∗ based
on exp.
Pe
𝑑∗ (mm)

Temperature (K)

Natural
convection
Weak forced
convection
Weak forced
convection
Weak forced
convection

Prediction of 𝑑 ∗ based
on end of exp.
Pe
𝑑 ∗ (mm)

300

68

0.66

30

0.48

300

198

0.89

25

0.46

330

216

0.94

3

0.27

380

246

0.96

1

0.24

1.0

Gan and Qiao, 2011 Natural convection at 300 K
Gan and Qiao, 2011 Weak forced convection at 300 K
Gan and Qiao, 2011 Weak forced convection at 330 K
Gan and Qiao, 2011 Weak forced convection at 380 K
Present Model, Pe = 30
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Present Model, Pe = 3
Present Model, Pe = 1
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Figure 29 Droplet size history of ethanol droplets containing 2.5% nano- aluminum particles under various
temperatures
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Figure 30 Evaporation rate of ethanol droplets containing 2.5 wt.% nano aluminum particles under forced
convection

3.2.3 Comparison with Mezhericher et al. (2012)
Mezhericher et al. (2012) used the acoustic levitation approach to study the evaporation of
droplets containing nano silica particles. Figure 31 shows the comparison of droplet size
history during the evaporation process with the various theoretical models, continuous
species transport model (CST), population balance approach (PB) and our model. CST
considers the external heat and mass transfer between the droplet and surrounding gas, and
intra-droplet suspended particles diffusion. The population balance model takes into
account the particle growth and aggregation phenomena of suspended particles.
In the CST method, the first e stage is divided into two morphologically different
periods: before shell formation and the transition period after shell formation. In the “before
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shell formation” period, the liquid vapor diffuses through the liquid surface until the solid
concentration reaches saturation value, at which point, a shell is formed and the transition
period begins. In the transition period after the shell formation, the shell thickens because of
the continuous evaporation of liquid. The model considers that in this period the thickening
shell is always submerged within the droplet and the liquid can still freely evaporate from
the droplet surface. Therefore, the model considers that the evaporation in such a period still
obeys the d2 –law, and the evaporation rate is constant through the first evaporation stage.
The termination of the first evaporation stage is determined when the capillary compression
is balanced by the shell strength.
In the PB method, the dispersed solid phase is described by particle number density.
The model considers the diffusion of particles. The end of the first evaporation stage is
defined by the saturation of particles on the surface, which is similar to our model.
It is notable that in the CST and PB, the diffusion coefficients are modified by taking into
account the vigorous liquid circulation involved in the acoustic levitation system (Yarin et
al., 1999; Nesic et al., 1991; Mezhericher et al., 2012). 𝐷𝑝𝑙 is enhanced by 6 orders of
magnitude, from 10-12 m2/s, as obtained through Einstein-Stokes relation, to 10-6 m2/s. In
Mezhericher et al.’s CST model, the particle diffusion coefficient 𝐷𝑝𝑙 is a function of particle
concentration. In our model, 𝐷𝑝𝑙 is simplified to be constant (10-6 m2/s). It is reasonable to
make such a simplification because during the evaporation process the maximum solid
volume fraction in the droplet varies from initial value to saturation (𝐷𝑝𝑙 ranges from 10−6
to 3×10-9 m2/s). 2. 𝑃𝑒 is far smaller than 1 (𝑃𝑒 varies from 1.4 ×10-4 to 4.67×10-2). For 𝑃𝑒 ≪
1, E is 1. In such conditions, the effect of concentration change on the mass diffusivity is
negligible.
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For 𝑃𝑒 ≪ 1, the particles have sufficient time to redistribute within the droplet, so
the surface concentration of particles is nearly the same as the average value. The
accumulation of particles on the droplet surface is minor. The effect of particles on the
evaporation rate of droplets in the first evaporation stage is small. The evaporation of
droplets containing particles can be regarded as that of pure liquid, which is captured by CST,
PB and our model, as shown in Figure 31. The predictions of droplet size history agree well
with the experiment. It is notable that, compared to CST and PB, our model gives a shorter
duration of the first evaporation stage, which is closer to the experimental observation.
As discussed in section 3.1, since the contact angle of nano particles at the liquid
surface is unknown, the model adopts a general value, 40°. The study of the effect of contact
angle on evaporation behavior is listed in Table 3. It shows that the droplet size when the
first evaporation stage ends is 0.5 mm for all the contact angles. The ratio of evaporation rate
to that of pure liquid decreases as contact angle decreases. If the contact angle is 10°, the
evaporation rate at the end of the first stage is 98% of the pure liquid. In such case, the
evaporation process in the first evaporation stage is the same as that of pure liquid.
Figure 31 also shows the size history and 𝛽 plots under various contact angles. The
figure shows that for a specific Peclet number, the droplet size at the end of first evaporation
stage is the same. The evaporation duration time decreases as the contact angle decreases.
It can be explained from the average evaporation rate in the first evaporation stage. Since
the droplet size change is the same for all the cases, the effect of evaporation rate is
determined by the contact angle. For the higher contact angle case, the reduction of
evaporation rate in the first evaporation stage is larger, due to the more surface area that is
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blocked by particles. Therefore the average evaporation rate is lower for higher contact
angle, leading to the same size change in the first stage.
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Figure 31 Comparison between the experiment and various models

Table 3 The evaporation constant and droplet size at the end of first evaporation stage as a function of contact
angle

Θ (°)
10
20
30
40

ß*
0.98
0.924
0.838
0.732

d*(mm)
0.5
0.5
0.5
0.5

3.3 Discussion
A novel model has been developed to investigate the effect of particles on the evaporation of
liquid suspension in the first evaporation stage. The model is validated by the published
experimental data. As shown in equation (3. 20), the evaporation rate is rewritten as
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𝐾 ′ = 𝑓(𝑃𝑒, 𝐶0 , 𝛼) = 𝑓(𝑃𝑒, 𝐶0 , 𝜃)

(3. 25)

The evaporation rate in the first evaporation stage is determined by three factors,
Peclet number, initial particle concentration and particle contact angle. Next we will discuss
their effects on the evaporation behavior of droplet containing particles, which includes
duration time of first evaporation period 𝑡 ∗ , 𝑑 ∗ and evaporation rate. The study case for the
discussion is a single free standing water droplet containing Aluminum nanoparticles. The
droplet has the initial size of 1 mm and the evaporation rate of pure liquid is 10-9 m2/s. The
size of Al-nanoparticles is 100 nm. The contact angle is 40 °.

3.3.1 Effect of Peclet number on the evaporation of droplet containing particles
Figure 32 shows the β plots as a function of Pe. The initial particle volume fraction is 1%. As the
evaporation rate constant,K ′ = Kβ, the β shows the change of evaporation rate constant. Initially the
evaporation rate constant equals the evaporation rate constant of pure liquid, K. As evaporation
proceeds, the evaporation rate constant gradually decreases. For small Peclet number, the particles
diffusion rate is large. The particles have enough time to redistribute. The decrease of evaporation
rate constant is slower. As Pe increases, more particles are trapped at the droplet surface due to the
higher droplet recession rate, the decreases of evaporation rate constant is accelerated. It is noted
that the reduction of evaporation rate constant in the first stage is the same for all the Pe numbers,
which will be explained in section 3.3.3.
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Figure 32 β plots as a function of Pe

In the expression of evaporation rate (eqn. 3. 20), the term related to Peclet is
𝐸=

𝑒𝑥𝑝(𝑃𝑒/2)
1
3 ∫0 𝑅 2 exp(𝑃𝑒∙𝑅 2 /2)𝑑𝑅

(3.26)

The plot in Figure 33 shows that E is proportional to Pe. E is valid for Pe <1400. For Peclet
number larger than 10, the correlation between E and Pe is simplified as
𝐸=

𝑃𝑒

(3. 27)

3

The droplet size at the end of first evaporation stage in equation 3.21 is rewritten as
𝑑∗
𝑑0

𝑐 𝐸 1/3

= ( 𝑐0∗ )
𝑠

𝑐 𝑃𝑒 1/3

0
= ( 3𝑐
∗ )
𝑠

(3. 28)

Figure 34 shows the size of the dry particle as the function of Peclet number under
various initial particle volume fractions. The figure shows that the size increases as Peclet
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number increases. For larger Peclet number, the particles diffusion velocity is smaller than
the droplet shrinking velocity. As evaporation proceeds, more and more particles will be
trapped on the surface. For the same initial particle concentration, the time for particles
getting saturated is shorter than at smaller Peclet number, leading to smaller reduction of
droplet size. Figure 34 also shows that the particle size at lower particle concentration is
smaller at the same Peclet number condition.
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Figure 34 The droplet size at the end of the first evaporation stage as a function of Peclet numbers under
various initial particle volume fractions
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Figure 35 The duration time of first evaporation stage as a function of Peclet numbers under various initial
particle volume fractions.
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Figure 35 shows the duration of first evaporation stage (𝑡 ∗ ) as a function of Peclet
number under various initial particle conditions. The vertical axis is the ratio of 𝑡 ∗ to the
lifetime of a pure liquid droplet with the same initial size and evaporation rate(𝑡𝑙𝑖𝑓𝑒 =

𝑑02
𝐾

).

Figure 35 shows that for the same Peclet number condition 𝑡 ∗ is larger at lower initial
particle concentration than at higher particle concentration and decreases as particle
concentration increases. Since the particle concentration at the end of the first evaporation
stage is fixed, at which the particles could not compact anymore. For the same Peclet number,
it needs more time to reach saturation at lower initial particle concentration. At the same
initial particle concentration, the duration time of the first evaporation stage decreases as
Peclet number increases due to the higher droplet receding velocity compared to particles
diffusion velocity.

3.3.2 Effect of initial particle concentration on evaporation
This section aims to study the effect of initial particle concentration on the evaporation
process in the first evaporation stage. Figures 36 shows the droplet size histories of aqueous
suspension droplet with the initial particles volume fractions of 1%, 2.5%, 5% and 10%
under a wide range of Peclet numbers, 0.1~1000. The figure shows that for small Peclet
number condition (Pe = 0.1), the evaporation of aqueous droplet behaves similar to that of
pure liquid. The evaporation gradually deviates from the classic d2-law as particle
concentration increases. For the initial particle volume fraction of 10%, the deviation starts
from the beginning of the evaporation process. For the homogeneous liquid suspension, at
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the beginning of the evaporation process, there are particles residing on the droplet surface.
The surface particles decreases the effective liquid surface area. For smaller initial particle
concentration, the particle number is low. The effect of particles on the evaporation is
insignificant. While as initial particle concentration increases, the higher particle number
density on the droplet surface reduces the effective area for the liquid vapor. The effect of
particles on the evaporation is significant at the beginning of the evaporation.
It is worth noting that at larger Peclet number condition, the evaporation of droplet
under relative bigger particle concentration could not be plotted. The first evaporation stage
terminates quickly after the evaporation starts. For Peclet number of 50, the evaporation
stops near the beginning of evaporation under the initial volume fraction of 10%. The initial
particle concentration that results in quick termination of first evaporation stage decreases
as Peclet number increases. For Peclet number of 100, the first evaporation stage is
negligible at the particle volume fraction of 5%. For Peclet number of 1000, the first
evaporation stage can proceed under 1%. The reason for such phenomena lies in the
competing transport processes involved in the evaporation process: droplet shrinking and
particles diffusion. For larger Peclet number conditions, the droplet shrinking velocity is
bigger than particle diffusion velocity. More and more particles are trapped on the surface
until the surface particles get saturated. The saturation of surface particles can be further
pushed to earlier time by enhancing particle concentration. There is a criteria that when the
particle concentration reaches a limit value that the surface particles get saturated at the
beginning of the evaporation process.
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Figure 36 Evaporation process of aqueous suspension at various particle concentrations under different Peclet number
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To get the criteria for the relation between Peclet number and initial particle
volume fraction, we adopt expression of droplet size 𝑑 ∗ at the end of first evaporation
stage from equation 3.21 and rewritten the equation as a function of particle volume
fraction
𝑑∗
𝑑0

=(

𝑌𝑉0 𝐸
∗
𝑌𝑉𝑠

1/3

)

(3.29)

∗
For 𝑌𝑉𝑠
= 0.6 and droplet size at the end of first evaporation stage does not exceed
∗

initial droplet size ( 𝑑 ⁄𝑑 ≪ 1), we have
0
∗
𝑌𝑉0 𝐸 ≪ 𝑌𝑉𝑠

(3.30)

From equation 3.27, then
𝑌𝑉0 𝐸 =

𝑌𝑉0 𝑃𝑒
3

≪ 0.6

(3.31)

The criteria to allow droplet shrinking process in the first evaporation stage is
𝑌𝑉0 𝑃𝑒 ≪ 1.8

(3.32)

To allow droplet shrinking process in the first evaporation stage, the product
of initial particle volume fraction and Pe should be smaller than 1.8, otherwise the
first stage terminates at the beginning of the first evaporation stage and the size of
final dry particle is the same as initial droplet size.
The criteria is applied to verify the study cases in Figure 37. Table 4 lists the
evaporation cases under different initial particles volume fraction and Peclet
numbers. For the small Peclet numbers and small initial concentration cases, the
evaporation of the first evaporation stage can proceed. While for large Peclet number
and large initial particles concentration, the evaporation directly switches to the
second evaporation stage due to the particles saturation at the beginning of the first
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evaporation stage. The study cases that could not be shown in figure 37 are due to the
termination of first evaporation stage at the beginning of the evaporation process, in
which 𝑌𝑉0 𝑃𝑒 > 1.8
Table 4 The validation of the study cases shown in Figure 36

Pe

𝑐0

𝑐0 𝑃𝑒

0.1
0.1
0.1
0.1
1
1
1
1
5
5
5
5
10
10
10
10
30
30
30
30
50
50
50
50
100
100
100
100
1000
1000
1000
1000

0.01
0.025
0.05
0.1
0.01
0.025
0.05
0.1
0.01
0.025
0.05
0.1
0.01
0.025
0.05
0.1
0.01
0.025
0.05
0.1
0.01
0.025
0.05
0.1
0.01
0.025
0.05
0.1
0.01
0.025
0.05
0.1

0.001
0.0025
0.005
0.01
0.01
0.025
0.05
0.1
0.05
0.125
0.25
0.5
0.1
0.25
0.5
1
0.3
0.75
1.5
3
0.5
1.25
2.5
5
1
2.5
5
10
10
25
50
100
84

Plots of
evaporation in
the first
evaporation
stage
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
√
×
√
√
×
×
√
×
×
×
×
×
×
×

Figure 37 shows the criteria for allowing proceeding of first evaporation stage.

YcV0 is the critical initial particle volume fraction. The configuration of initial particle
volume fraction and Peclet number conditions should be performed below the critic
line to allow droplet shrinking process. For evaporation process performed at higher
Peclet number condition, the initial particle concentration should be controlled in a
lower level to allow droplet shrinking before shell formation.
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Figure 37 The criteria for allowing droplet shrinkage in the first evaporation stage

85

3.3.3 Effect of contact angle on evaporation in the first evaporation stage
As discussed before the contact angle of nano particles at the liquid surface is
nowhere to obtain, we adopt a general contact angle, 40°. In our model, the contact
angle is a major factor that affects the evaporation rate of droplet containing particles
at the end of the first evaporation stage.
𝛽∗ = 1 −

3𝛼𝑌𝑠 ∗
2

= 1−

3𝑠𝑖𝑛2 𝜃𝑌𝑠 ∗
2

(3.33)

For the particles with uniform size, the maximum volume fraction on the
droplet surface 𝑌𝑠 ∗ is 0.6. Eqn. 3.33 shows that 𝛽 ∗ is only dependent on the contact
angle (𝜃). Figure 38 shows the value of 𝛽 ∗ as a function of contact angle. For particles
with small contact angle, the evaporation rate change is insignificant. For the
hydrophilic particles with the contact angle of 10°, the evaporation rate at the end of
first evaporation stage is 97.3% of the pure liquid. For small contact angle, the cap of
the particles that are exposed above the liquid surface is small. The effect of particles
on the evaporation in the first evaporation stage is negligible for particles with small
contact angle. However, the effect on the evaporation rate change becomes more
significant as contact angle increases. For a particle with the contact angle of 30°, the
evaporation rate at the end of the first evaporation stage is 77.5% of the pure liquid.
The change of evaporation rate in the first evaporation stage is 22.5%, in which the
evaporation in the first evaporation stage could not be simplified as that of pure liquid.
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Figure 38 The evaporation rate ratio at the end of first evaporation stage as a function of contact angle

3.4 Conclusion
A theoretical model is developed to describe the effect of particles on the evaporation
of droplet containing particles in the first evaporation stage. The particle transport
process is described by diffusion equation without considering internal circulation.
For the liquid suspension, the introduction of particles on the droplet surface reduces
the area the liquid vapor can go through. The effect of particles on the evaporation is
described by the ratio of effective surface area that the liquid vapor diffuses to the
whole droplet surface area. The analytical solution of the model is described as a
function of Peclet number, initial particle concentration and particle contact angle.
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The model is validated by comparing the prediction of droplet size history with the
published data for the same physical process.
The effect of Peclet number on the evaporation process in the first evaporation
stage is studied. For 𝑃𝑒 ≪ 1, the particles have sufficient time to redistribute within
the droplet, leading to a small number of particles residing on the surface. The effect
of particles on the evaporation rate of droplet in the first evaporation stage is
therefore small. For larger Peclet numbers, the particles accumulation rate is
enhanced due to relative smaller particle diffusion inward speed. More particles are
trapped on the droplet surface, resulting in a decreasing surface area for in the first
evaporation stage. The Peclet number also has an effect on the droplet size when the
first evaporation stage terminates. Under specific initial droplet size, the final dry
particle size increases as Peclet number increases.
Studies on the effect of duration of the first evaporation stage show that for
smaller concentration and lower Peclet number, the duration time is much closer to
the evaporation time of pure liquid. For the higher particles concentration, the time
to reach the shell formation and the end of the first stage is shorter.
It is also found that there exists a criteria for allowing the evaporation of liquid
suspension under different initial particles concentration and Peclet numbers, The
evaporation can proceed only when 𝑌𝑉0 𝑃𝑒 ≪ 1.8 , otherwise the the first stage
terminates at the beginning of the first evaporation stage and the size of the final dry
particle is equivalent to the initial droplet size.
Contact angle is a major factor affecting the change of evaporation rate in the
first evaporation stage. For particles with small contact angle, the overall change is
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insignificant and it is reasonable to simply the first evaporation stage as that of pure
liquid. While for the large contact angles, the change of evaporation rate in the first
evaporation stage is significant and the effect of particles on the evaporation in the
first evaporation stage should be considered.

89

CHAPTER 4. THEORETICAL MODEL WITH INTERNAL CONVECTION

4.1 Introduction
Chapter 3 discussed the two competing transport processes: droplet shrinking
and particles diffusion. It is notable that for the evaporation of droplet, interaction
between the droplet surface and the surrounding gas plays an important role in the
levitation of the droplet. When there exists a velocity between the droplet and the
surrounding gas, a shear force will be generated on the droplet surface. The shear
force results in liquid motion on the droplet surface, leading to liquid motion on
droplet surface and internal recirculation within the droplet. The liquid recirculation
enhances both heat and mass transport by affecting the particles mixing and droplet
recession rate (Law 1982; Sirignano 1983). In Chapter 3, the effect of internal
recirculation on the evaporation is described by modifying particle diffusion
coefficient in the liquid phase. The particle mass diffusivity is elevated when internal
circulation is involved. The stronger internal circulation, the larger the particle mass
diffusivity. It is expected that when internal circulation is strong enough that the
particles have enough time to redistribute within the droplet during the evaporation
process. This chapter aims to study the effect of particles on the evaporation of liquid
suspension with vigorous internal circulation. First, the characteristic times of
various transport processes, namely particle diffusion, axi-symmetric gas-phase
convection and droplet evaporation, are discussed. Then a dynamic model which
accounts for the liquid flow field, particles diffusion and axi-symmetric gas-phase
convection is applied to study the effect of particles initial volume fraction, particles
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mobility and evaporation rate on the evaporation of liquid suspension in the first
stage.

4.2 Characteristic time of particles diffusion, internal convection and droplet
evaporation
The interaction of the two phases across the liquid-gas interface frequently
introduces internal circulation (Hill, 1894). For droplets containing particles, the
particles diffusion is affected by the convective flow within the droplet.
The fundamental theory of internal circulation within a droplet was first
theoretically investigated by Hill (1894). The author proposed an axisymmetric
vortex, which is now known as Hill’s vortex, to describe the internal flow in the
droplet that is exposed to a laminar flow. Hadamard (1911) solved the basic
hydrodynamics of the liquid droplet with creeping viscous flow passing by. Hill’s
vortices were later visualized by Garner (1954). Recently, Wong et al. (1992)
provided evidence of internal recirculation inside large, hydrocarbon droplets in high
temperature gas streams. They captured the transient internal temperature
distribution that is caused by internal droplet dynamics.
The mechanism of internal circulation of liquid droplets has been described in
several droplet evaporation models (Prakash and Sirignano, 1980; Renksizbulut and
Haywood, 1988). Creeping flow analysis is mostly adopted to predict the strength of
the internal circulation and the flow patterns inside the liquid droplet (Hardamard,
1991). Consider a uniform, axi-symmertric, slow viscous flow passing around a
droplet. The stream function inside the liquid droplet, 𝜓𝑖 , is written as
91

1

1

4

1+𝜎

𝜓𝑖 = 𝑈∞ 𝑠𝑖𝑛2 𝜃 (

𝑟 2

) 𝑟2 (

𝑟𝑠 2

− 1)

(4.1)

With 𝜎 = 𝜇𝑜 /𝜇𝑖

(4. 2)

Where 𝑟 is the radial distance from the droplet center, 𝑟𝑠 the droplet radius, 𝑈∞ is the
velocity of the gas flow far away from the droplet, 𝜇𝑜 and 𝜇𝑖 are the dynamic
viscosities outside and inside the droplet. The tangential velocity 𝑣𝑖 (𝑟, 𝜃) inside the
droplet is defined from equation 4.1
1

𝜕𝜓

𝑣𝑖 (𝑟, 𝜃) = 𝑟𝑠𝑖𝑛𝜃 ( 𝜕𝑟𝑖 ) =

𝑠𝑖𝑛𝜃

𝜃

2

𝜎

(1+𝜎)

𝑈∞
𝑟𝑠2

(2𝑟 2 − 𝑟𝑠2 )

(4. 3)

The evaluation of 𝜓𝑖 shows that the flow field inside the liquid droplet is
symmetric to the flow axis of the flow outside the droplet. Figure 39 shows the flow
field inside a circulating water droplet at an intermediate Re number (Re=30). It is
seen that there exists a stagnation point inside the droplet, 𝑟 = 𝑟𝑠/√2 . The velocity of
the liquid is zero along a stagnation ring where 𝜃 = 𝜋/2 and where 𝜃 = 3𝜋/2 and 𝑟 =
𝑟𝑠 /√2. The characteristic lengths and times are changed by the internal circulation.
For droplet evaporation with a lack of internal circulation, the particles transport
process is driven by the Einstein Stokes diffusion and the length for particles diffusion
is 𝑟𝑠 .or droplet evaporation with internal circulation, the particle diffusion length is
the distance from the stagnation point to the droplet surface. The characteristic time
of particle diffusion is

𝜏𝑑𝑖𝑓𝑓 =

𝐿2𝑑𝑖𝑓𝑓
𝐷𝑝𝑙

=

(1−

√2
)
2

𝐷𝑝𝑙

2

𝑟𝑠2

=

0.086𝑟𝑠2
𝐷𝑝𝑙

~

0.02𝑑𝑠2
𝐷𝑝𝑙

(4. 4)

where 𝑑𝑠 is the droplet diameter, and 𝐷𝑝𝑙 is the mass diffusivity of particles in the
liquid phase.
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The characteristic time of evaporation is
𝜏𝑒𝑣𝑎𝑝 =

𝑑𝑠2
𝐾

=

4𝑟𝑠2
𝐾

=

𝑑𝑠2

(4. 5)

𝐾

where K is the evaporation rate of pure liquid. The characteristic time of flow
convection is
𝜏𝑐𝑜𝑛𝑣 =

𝑑𝑠

(4. 6)

𝑉0

Where 𝑉0 is the characteristic velocity of the internal flow, which is to be determined.
To get the value of 𝑉0, the boundary condition is applied. For a droplet with gas flow
passing by, the drag (shown in Figure 40) is written as
𝐹 = 3𝜋𝜇𝑔𝑎𝑠 𝑢∞ 𝑑𝑠

(4. 7)

The shear force at the gas liquid interface is
𝜕𝑢

𝑉

F = 𝜇𝑙𝑖𝑞𝑢𝑖𝑑 𝐴 𝜕𝑟 = 𝜇𝑙𝑖𝑞𝑢𝑖𝑑 (𝜋𝑑𝑠2 ) 𝑑 0/2
𝑠

(4. 8)

where 𝐴 is the droplet surface area, 𝜇𝑜 and 𝜇𝑖 are the dynamic viscosity of the
surrounding gas and liquid. Combining equations (7) and (8) we have
3 𝜇𝑔𝑎𝑠

𝑉0 = 2 𝜇

𝑙𝑖𝑞𝑢𝑖𝑑

𝑈∞

(4. 9)

For water droplet in air flow
𝜇𝑔𝑎𝑠

𝑉0 ~ 𝜇

𝑙𝑖𝑞𝑢𝑖𝑑

1

𝑈∞ ~ 1000 𝑈∞

Figure 39 Flow fields inside circulating water droplet for Re=30, (Leclair et al. 1972)
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(4. 10)

Figure 40 Schematic of flow passing a single droplet

Consider a single water droplet suspension in air flow at weak forced
convection, where the size of the suspended particles is 100 nm and the air velocity
is 5.5 cm/s. The evaporation rate constant of K of the water is 10-9 m2/s. For 100 nm
particles, 𝐷𝑝𝑙 = 10−11 m2/s from Einstein-Stokes equation. The value of 𝜏𝑑𝑖𝑓𝑓 , 𝜏𝑐𝑜𝑛𝑣
as a functions of 𝑑𝑠 are plotted in Figure 41. The figure shows there are two cross
sections between the various transport time scales. The diffusion time and convection
time are the same at the droplet size of 18 µm.
For droplet size larger than 18 µm,
 diff   evap   conv

(4. 11)

The convection time is much smaller than the diffusion time. Internal circulation is
dominant. The particles are driven toward the inside of the droplet, and the effect of
particles on the surface heat and mass transfer is negligible due to the quick particle
redistribution within the droplet. For droplet size between 8.9 µm and 18 µm,
 diff   conv   evap
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(4. 12)

The droplet shrinking process is fast. The particle diffusion time is longer and
particles are trapped on the surface. For a droplet of size smaller than 8.5 µm,
 conv   diff   evap

(4. 13)

The evaporation time is the shortest. The particles will be captured at the droplet
surface before the particles redistribute by diffusion. Also, the particles diffusion time
is shorter than the liquid convection time. The effect of the internal circulation is
limited and can be regarded negligible. The theoretical model can be simplified
without accounting for the internal convection.
The above discussion of the characteristic times are based on specific flow
velocity under intermediate Re number (Re=5). The following will discuss the
transport processes under different flow velocities.
The ratio of the characteristic time of evaporation to that of particle diffusion
is
𝜏𝑒𝑣𝑎𝑝
𝜏𝑑𝑖𝑓𝑓

=

50𝐷𝑝𝑙
𝐾

(4. 14)

The ratio of characteristic time of convection to that of particle diffusion is
𝜏𝑐𝑜𝑛𝑣
𝜏𝑑𝑖𝑓𝑓

=

𝑑𝑠 /𝑉0
𝑉0

=

1000𝑑𝑠 /𝑈∞
0.02𝑑𝑠2 /𝐷𝑝𝑙

=

5×104 𝐷𝑝𝑙
𝑈∞ 𝑑𝑠

(4. 15)

In the theoretical model discussed in chapter 3, the Pe is defined as
𝐾

𝑃𝑒 = 8𝐷

𝑝𝑙

(4. 16)

Equation 14 is rewritten as

 evap 50D pl 6.25


 diff
K
Pe
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(4. 17)

Equation 17 shows that the ratio of evaporation and diffusion time is
independent of the droplet size. The morphologies of the dried particles in the
evaporation process are determined by the Peclet number. For Pe ≫ 6.25
 evap   diff

(4. 18)

Because the evaporation time is shorter, more particles are trapped on the
surface, the droplet surface can get saturated more easily. By the end of the first
evaporation stage, a porous shell will be formed. For smaller Pe, the particle diffusion
rate is fast and the particles have enough time to redistribute within the droplet. By
the end of the first evaporation stage, a solid aggregate particle will be formed.
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Figure 41 Times of various transport processes as a function of droplet size

A general form of the ratio of characteristic time of convection to that of
particle diffusion is written as
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𝜏𝑐𝑜𝑛𝑣
𝜏𝑑𝑖𝑓𝑓

=

5×104 𝐷𝑝𝑙
𝑈∞ 𝑑

(4. 19)

The droplet size, when the characteristic times of convection and particle diffusion
are the same, 𝑑𝑠𝑡𝑎𝑡𝑖𝑐 , is rewritten as
𝑑𝑠𝑡𝑎𝑡𝑖𝑐 =

5×104 𝐷𝑝𝑙
𝑈∞

(4. 20)

The droplet size at which whether the internal convection can be ignored, is
controlled by the particle mass diffusivity and flow velocity. For droplet size smaller
than d static , the diffusion time is shorter than the convection time, and the internal
circulation is weak compared to convection. For a larger droplet, the effect of the
internal flow transport becomes much more important and should not be ignored.
The droplet size, when the theoretical model in Chapter 3 applies, decreases as flow
velocity increases.

4.3 Theoretical model with internal convection
The evaporation model that accounts for the internal vortex circulation was firstly
developed by Lara-Urbaneja and Sirignano (1981) to simulate the evaporation of a
multicomponent droplet in a convective field. Then, Tong and Sirignano (1984)
simplified the model, which is based on the assumption that there exists a Hill’s
spherical vortex inside the droplet. Tong and Sirignano (1984) compared the results
of their simplified model to a more detailed model and found close agreement.
Eslamian and Ashgriz (2006) followed the same arguments in Tong and Sirignano
(1986) and extended the analysis to the evaporation of droplet containing insoluble
solutions. The simulation results provide good insight in predicting the morphology
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of the dry particles. In this study we extend the analysis to liquid suspension to study
the effect of the internal circulation on the evaporation of droplets containing
particles. For the evaporation of droplets containing particles at a given temperature
and pressure, the particles are initially evenly distributed within the droplet. The
evaporation is assumed to be quasi-steady and temperature through the droplet is
uniform. The one-dimensional liquid phase mass concentration equation (Tong and
Sirignano, 1986) is written as
𝜕𝑌𝑙
𝜕𝜏

𝜙 𝜕2 𝑌

1

𝜕𝑌

= 𝐿𝑒 𝜕𝜙2𝑙 + (𝐿𝑒 + 𝐶𝜙) 𝜕𝜙𝑙

(4. 21)

Where the dimensionless stream function 𝜙 is expressed based on Hill’s vortex
approximation
𝜙 = 1 − 4𝑠 2 (1 − 𝑠 2 )𝑠𝑖𝑛2 𝜃

(4. 22)

𝑠 = 𝑟/𝑟𝑠

(4. 23)

and

𝛼

𝑑𝜏 = 𝑅2𝑙 𝑑𝑡

4. (24)

𝑌𝑙 is the liquid mass fraction, 𝜏 isthe dimensionless time, and Le is the liquid phase
Lewis number, which is defined as the ratio of liquid heat diffusivity to the inter
particle liquid mass diffusivity.
𝛼

𝐿𝑒 = 𝐷 𝑙

(4. 25)

𝑝𝑙

C relates to the droplet evaporation rate and is given by
3

𝐶=

3

𝑅 2 𝑑 𝑅 2
2 ( 𝑅0 ) 𝑑𝜏 (𝑅 )
0

(4. 26)

Note that this is different from c in chapter 3, which denotes particle number
concentration. The initial and boundary conditions are:
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(1) 𝜏 = 0,𝑌𝑙 = 𝑌𝑙0
(2) 𝜙 = 0,

𝜕𝑌𝑙
𝜕𝜙

(3) 𝜙 = 1,

= 𝐿𝑒

𝜕𝑌𝑙
𝜕𝜙

𝜕𝑌𝑙
𝜕𝜏

= 𝑓𝑙

(4. 27)

Where 𝑌𝑙0 is the initial liquid phase mass fraction. 𝑓𝑙 is given by
𝑓𝑙 =

𝐿𝑒𝐶𝑝𝑙 (𝑌𝑙𝑠 −1)
16𝜋𝑟𝑠 𝜆𝑙

𝑚̇

(4. 28)

Where 𝐶𝑝𝑙 is the liquid phase capacity, 𝑌𝑙𝑠 is the liquid mass fraction at the droplet
surface, and 𝜆𝑙 is the conductivity of the liquid phase. In the case of strong internal
convection and constant value of K, C can be rewritten as
3

𝐶=

3

𝑅 2 𝑑 𝑅 2
2 ( 𝑅0 ) 𝑑𝜏 (𝑅 )
0

3 𝑑𝑅 2

=𝛼

𝑙

𝑑𝑡

3𝐾

= 2𝛼

𝑙

(4. 29)

C is the ratio of evaporation rate to the liquid phase thermal diffusivity.
The partial differential equation (PDE) of diffusion of the liquid phase
(equation 4.21) is numerically solved. With the time and space discretization method,
the particle concentration distribution at any given time is obtained. The computation
is stopped when the particle mass fraction at the droplet surface reaches the
maximum value, at which the particles could not compact anymore. Note that for
particles with uniform size, the maximum volume fraction is 0.6. Since the solution of
the equations deals with mass fraction, we did the conversion based on the density of

the liquid and solid phases (𝑌𝑝𝑣 =

𝑌𝑝 𝜌𝑙
⁄
(1−𝑌𝑝 )
,
𝑌𝑝 𝜌𝑙
+𝜌
⁄
(1−𝑌𝑝 ) 𝑠

where𝑌𝑝𝑣 and 𝑌𝑝 denote the particle

volume and mass fraction. 𝜌𝑙 and 𝜌𝑠 are density of the liquid phase and solid phase,
respectively. ). Solving the liquid transport equations allows the study of the initial
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particle concentration, particle mobility and evaporation rate on concentration
distribution within the droplet, duration of the first evaporation stage and dry
particle size for the evaporation process of droplet containing particles.

4.4 Results and discussion
Figure 42 shows the stream function contour within the droplet in the case of strong
internal circulation. There exists two axisymmetric vortex within the droplet. The
maximum strong function happens at the droplet surface and center. The stream
function is zero along a stagnation ring where 𝜃 = 𝜋/2 and where 𝜃 = 3𝜋/2 and 𝑟 =
𝑟𝑠 /√2 , which has been discussed in Section 4.2. For the evaporation of droplet
containing particles lack of internal circulation, the minimum particle concentration
appears at the droplet center. The particles will build a crust at the droplet surface in
the first stage and the crust thickens at the second stage. Finally a dry aggregate
particle with the structure of either shell or solid is formed as described in Chapter 1.
For the evaporation of a droplet with internal circulation, the maximum particle
concentration occurs at locations with the strongest convection (ϕ = 1). The two
axisymmetric vortex results in two minimum particle concentration locations where
ϕ = 0. Once the particle concentration at the droplet center and droplet surface
reaches the maximum value, the accumulation of particles start to grow and merge
together to make a particle with two cavities. The liquid will diffuse through the inter
particle space and a dry aggregate particle with two cavities is formed, which explain
the dimples that appear on the dry spherical aggregate particle shown in Figure 2.
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The evaporation of a single water droplet containing nano silica particles with
the size of 30 nm has been studied. Table 5 provides the model parameters used in
the computations. Ypi is the initial particle mass fraction. Figure 42 shows the
evolution of the particle volume fraction profile within the droplet. As discussed in
Chapter 3, for evaporation of a spherically symmetric droplet, the minimum solid
concentration happens at the droplet center. While for a droplet with internal
recirculation, the minimum solid concentration occurs at the vortex center ( r =
𝑟𝑠 /√2), where ϕ equals zero (as shown in Figure 42). The particle volume fraction
increases as evaporation proceeds. The particle concentration profile evolution
history shows that particles diffuse toward the vortex center. Initially the particles
are evenly distributed within the droplet. At 5.7 s, the particle concentration at the
droplet center and surface increases. As evaporation proceeds, the particles diffuse
toward the vortex center. At the end of the first stage, the particle concentration is
high at the locations with strong internal circulation. For locations with weak
convection (ϕ = 0.4~0.8), the particle volume fraction remains the same as the initial
value, demonstrating that the particle diffusion is slower compared to the convection.
Figure 43 also shows that the maximum solid concentration occurs at the maximum
streamline (ϕ = 1), which includes the surface and the droplet center. This result
agrees with that of the model which is applied in the spray pyrolysis (Eslamian et al.,
2006).
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Figure 42 Stream function contour within the droplet with internal circulation

Table 5 Initial values for parameters in the computations

d0

K

Ypi

𝜌𝑝

𝛼𝑙

𝐷𝑝𝑙

(mm)

(m2/s)

(%)

(g/cm3)

(m2/s)

(m2/s)

1

10-9

2.09

1.43×10-7

1.43×10-11

Le
10,00
30

0
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Figure 43 Variation of the particle volume fraction

4.4.1 Effect of particle mobility on the evaporation of the first evaporation stage
As discussed in Chapter 3, the evaporation mechanism of a liquid suspension is
controlled by three competing transport processes: the particle mass diffusion,
internal convective flow and droplet surface regression. In the case of slow
evaporation and vigorous internal convective flow, the first stage is controlled by the
particles’ mobility, which is characterized by particle mass diffusivity. In the model,
the effect of particle mobility on the evaporation process can be characterized by a
dimensionless parameter, the Lewis number. Since particle mass diffusivity in the
liquid is usually far much smaller than thermal diffusivity, Le is a large number. For a
water droplet containing 100 nm nano silica particles, the liquid phase thermal
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diffusivity is 1.43×10-7 m2/s. The particle mass diffusivity is calculated from the
Einstein-Stokes equation,
𝑘 𝑇

𝐵
𝐷𝑝𝑙 = 𝜇𝑘𝐵 𝑇 = 6𝜋𝜂𝑟

𝑝

(30)

Where 𝑘𝐵 is the Boltzmann’s constant, 𝜇 is the mobility, T is the temperature, 𝜂 is the
dynamic viscosity and 𝑟𝑝 is the particle radius. The particle mass diffusivity is 10-12
m2/s. Therefore, the Lewis number is around 105 for the liquid suspension, which is
far larger than the gas phase and liquid phase. For the gas phase, Le is around 1. For
the liquid phase, the Lewis number is relatively larger, which is around 30 (Makino
and Law, 1988).
In this section, we will discuss the effect of Lewis number on the evaporation
of water droplets containing 5 wt.% nano silica particles. The droplet has the initial
size of 1 mm. The density of the silica particles is 2.09 g/cm3. The evaporation rate is
10-9 m2/s. Figure 44 shows the evolution of surface particle volume fraction under
various Lewis numbers. It is seen that as evaporation proceeds, the droplet surface
becomes more concentrated with particles. The first evaporation stage terminates
when a shell of particles is formed, at which the volume fraction of the silica particles
reaches 0.6. It can also be seen from the figure that for small Le (Le=1), the surface
particle concentration reaches the saturation value within a very short time. The time
that is needed for the formation of the first layer of the shell gradually increases as Le
increases, until Le reaches 1000. As Le further increases, the surface particle
concentration history does not change for Le>1000 as can be seen in Figure 43, and
the duration of the first stage remains the same. Figure 45 shows the variation of
duration of the first evaporation stage (𝑡 ∗ ) under different Lewis numbers. Initially
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𝑡 ∗ shows great increase as Lewis number increases with a large slope and then the
slope becomes smaller until it finally becomes flat at Le=1000.
For a given evaporation rate, the evaporation process is controlled by the two
competing transport processes, the particle diffusion and internal vortex. For
particles with high mobility, the particle diffusion is strong and the particles near the
droplet surface would be driven inward by the flow. As Le number increases, the
mobility of the particles decreases and the effect of the flow recirculation on the
particles becomes stronger. Once the particle mobility reduces to a limit that the
particles at the droplet surface are only controlled by the internal flow, the surface
particle concentration evolution becomes independent of Le. Figures 44 and 45 show
that the particles at the droplet surface are only controlled by the flow at Le =1000.
Figure 46 shows the dry particle size under various Le numbers. As Le number
increases, the effect of the internal circulation becomes stronger and the evaporation
time of the first stage is longer, leading to smaller droplet size. The dry particle size
becomes stable once the transport of particles is only controlled by the internal flow.
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Figure 44 The surface particles concentration evolution under various Le numbers
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Figure 45 The duration time of first evaporation stage as a function of Le
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Figure 46 Droplet size at the end of the first evaporation stage under various Le numbers

The effect of Lewis number on the particle concentration distribution within
the droplet is shown in Figure 47, which shows the particle concentration profile at
the end of the first evaporation stage under various Lewis numbers. The normalized
stream function is the stream function at θ = 90° divided by the critical solid volume
fraction at the droplet surface at the end of the first stage, which is 0.758 for the nano
silica particles. The solid volume fraction distributions under different Lewis
numbers are similar with their minimum and maximum concentrations happening at
the same points. The maximum particle concentration happens at the location with
the strongest convective flow (droplet surface and the). The minimum particle
concentration occurs at r/𝑟𝑠 = √2/2, which is consistent with the minimum stream
107

function. This implies that the particle transport within the droplet is controlled by
the internal flow and the particles diffuse toward the vortex center, which is different
from the particle transport mechanism in the absence of internal circulation. For the
droplet evaporation process lacking internal circulation, the particle transport is
driven by the particle concentration gradient and the particles diffuse toward the
droplet center, at which the minimum particle concentration occurs. The particle
concentration distribution under various Lewis numbers shows the combined and
competing effect of the two transport processes, particle diffusion and internal
convective flow. At small Le numbers, the particle concentration profile is smooth.
While as Le increases, the change of concentration becomes much sharper and the
concentration gradient within the droplet becomes larger. At small Le numbers, the
particles have higher mobility, leading to smaller diffusion time. As the droplet
surface recesses, the particles within the droplet always have enough time to
redistribute within the droplet. The particle concentration is smoother. As Le
increases, the particle mobility decreases. The effect of the internal convective flow
becomes more dominant. It is seen from Figure 46 that the concentration profile
moves toward the stream function line as Le increases.
Figure 48 shows the particle concentration distribution in the stream function
field. It is seen that the concentration profile is consistent at locations where there is
stronger internal flow (ϕ~0.8 − 1). For the locations with weak flow, the particle
mobility affects the concentration profile. At smaller Le, the particles have higher
mobility. The particles can always redistribute within the droplet. However,
compared to the particle transport at which the concentration gradient is the only
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driven force, the convective flow affects the particle redistribution. In the case of high
mobility particles, for the location with strong internal flow, the concentration is
larger. While for the location with weak internal flow, the concentration is smaller
due to the particles diffusing. As a result, the concentration profile is linear in the
stream function field at smaller Le. As Le increases, the effect of the particle diffusion
becomes weaker due to the reduced mobility of the particles. The concentration
gradient becomes larger near the vortex center. As Le increases, the concentration
profile gradually deviates from the linear distribution at smaller stream function.

Figure 47 The particle concentration profile at the end of the first evaporation stage under various Le

numbers
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Figure 48 The particle concentration profile as a function of 𝛟 at the end of the first evaporation stage
under various Le numbers

4.4.2 Effect of initial particle concentration on the evaporation of the first evaporation
stage
As discussed in Chapter 3, the initial particle concentration affects the evaporation
rate in the first stage of evaporation of droplets lacking internal circulation. For the
evaporation of droplets with vigorous internal circulation, the particles at the droplet
surface will be driven by the recirculating flow, leading to the evaporation in the first
stage behaving as that of the pure liquid. Next, we will discuss the effect of the initial
particle concentration on the particle concentration profile and duration of the first
stage.
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Figure 49 shows the particle distribution in the flow field at the end of the first
stage under various initial particle concentrations. It is seen that the concentration
profile is the same for all the conditions. The particle concentration profile at the end
of the first stage is independent of the initial particle concentration. It is reasonable
because the particle concentration profile is controlled by the particle diffusion and
internal convective flow. For all the concentrations studied in Figure 48, the internal
flow and the particle mobility are the same, leading to the same particle profile at the
end of the first stage. Figure 50 shows the effect of initial concentration on the
concentration profile at different Lewis numbers. It is noted that the concentration
profile is determined by the particle mobility and is independent of the initial particle
concentration.
The effect of the initial particle concentration is reflected by the duration of
the first evaporation stage. Figure51 shows the duration of the first evaporation stage
(𝑡 ∗ ) at various initial particle concentrations. It is seen that for a given Le number, 𝑡 ∗
decreases as initial particle concentration increases. Figure 50 also shows that the
duration of the first evaporation stage becomes stable after Le =1000, at which the
particles at the droplet surface are only controlled by flow recirculation, due to the
small mobility of the particles. Once the transport properties are chosen, the particle
distribution at the end of the first stage is determined. The time that is needed to
reach the desired particle distribution depends on the initial particle concentration.
For smaller initial particle concentrations, the duration time is longer, which is an
important factor in controlling the dry particle size. Figure 52 shows the dry particle
size under various concentrations. For Le≤1000, the dry particle size is determined
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by initial particle concentration as well as transport properties, Le. For a given
evaporation rate and a specific particle mobility, the dry particle size can also be
controlled by the initial particle concentration. The higher initial particle
concentration leads to larger particle size and vice versa. For Le >1000, the dry
particle size is independent of initial particle concentration.
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Figure 49 The particle concentration profile as a function of 𝛟at the end of the first evaporation stage
at Le =10 under various initial particle concentrations
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Figure 50 The particle concentration profile as a function of phi at the end of the first evaporation stage
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Figure 51 The duration time of the first evaporation stage under various initial particles mass fraction
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Figure 52 The droplet size at the end of the first stage under various initial particle mass fraction

4.4.3 Effect of evaporation rate on the evaporation of the first evaporation stage
The discussion of the effect of the particle mobility and the particle initial
concentration are based on a given evaporation rate, at which, droplet surface
recession rate is fixed. In this section we will discuss the droplet shrinking process.
Since the studies of the droplet recession and the internal particle diffusion were
discussed in Chapter 3, we will focus on the competing effects of internal particle
diffusion and droplet recession on the evaporation of droplets containing particles.
For all the study cases, the Lewis number is 1000, at which, the particles at the droplet
surface are only controlled by the internal flow. Consider a 100 µm water droplet
evaporating under various evaporation rates. The mass diffusivity of the
nanoparticles is 10-10 m2/s. The initial particle mass fraction is 5 wt.%. In the model,
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the evaporation rate is involved in a dimensionless factor, C, (defined as 𝐶 = 3K/2𝛼𝑙 ),
which is the ratio of evaporation rate and the liquid phase thermal diffusivity, as
described in equation 4.29. The correlation between the evaporation rate and the
constant C is listed in table 6.
Table 6 The parameters used in the model

d0
100 µm

Le
1000

K(m2/s)
10-9
5×10-9
10-8
5×10-8
10-7

C
0.01
0.05
0.1
0.5
1

0.6

C = 0.01
C = 0.05
C = 0.1
C = 0.5
C=1

0.4

Y

pv

0.2

0.0

0

2

4

6

8

t (s)
Figure 53 The surface particles concentration history under various values of C
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Figure 54 The duration time of the first evaporation stage as a function of C

0.6
C = 0.01
C = 0.05
C = 0.1
C = 0.5
C=1

0.4

Ypvs
0.2

0.0
0.0

0.2

0.4

0.6

0.8

1.0

*

t/t

Figure 55 The evolution of surface particle volume fraction under various values of C
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Figure 53 shows the surface concentration histories under various C numbers.
The particle concentration gradually increases during the evaporation process, until
a layer of particles is formed at the surface. It is seen that the concentration evolution
profile is much sharper, due to the enhanced evaporation rate. With higher
evaporation rate, the droplet recession rate is larger and the surface particles can be
easily trapped by the surface. The duration of the first stage (Figure 53) initially
shows a dramatic decrease as C increases, then gradually becomes stable.
Figure 55 shows the particle mass fraction history in the dimensionless time
field. The horizontal axis is the dimensionless time, the time divided by the duration
of the first stage (t*). It is seen that at a specific dimensionless time, the particle
concentration at the droplet surface is higher for higher evaporation rates. As
evaporation rate increases, the droplet recession rate is enhanced, leading to smaller
droplet recession time. For a specific internal flow and particle mobility, the smaller
droplet recession time allows more particles to be trapped on the surface, resulting
in higher surface particle concentration.
Figure 56 shows the particle concentration distributions at different C
numbers. Due to the existence of strong internal flow, the particle profiles show that
the particles diffuse toward the vortex center. As the evaporation rate increases, the
effect of droplet recession becomes more dominant. It is shown that for C=0.05, the
vortex center at the end of the first e stage is close to the initial particle concentration.
As evaporation rate is further increased, the particle concentration near the droplet
surface is sharper. The particle concentration at the vortex center remains at the
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initial values, which implies that the characteristic time of droplet shrinking is shorter
than that of internal flow.

Figure 56 The particle concentration profile at the end of the first evaporation stage under various
values of C

Figure 57 shows the particle concentration in the stream function field. For
smaller C, the characteristic time of the internal flow is smaller than that of the droplet
shrinking. The particle distribution is driven by the internal flow. As C increases, the
particles distribution profile is changed due to the decrease of characteristic time of
droplet shrinking. The slope at the higher stream function becomes sharper. When
the C is increased to 0.1, the profile is changed with the concentration at the vortex
center being the initial value. As C is further increased, the droplet evaporation time
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is shorter. The first evaporation stage terminates earlier, leaving less time for the
particles to diffuse.
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Figure 57 The particle concentration profile as a function of phi at the end of the first evaporation stage
under various C

4.5 Conclusion
The evaporation model that accounts for the internal vortex circulation is applied to
describe the effects of particles on the evaporation of droplet containing particles in
the first evaporation stage. The transport processes involved in the evaporation
process, droplet shrinking, particles diffusion and internal flow recirculation are
described by diffusion equation in the dimensionless stream function field. In the case
of internal circulation, the evaporation rate in the first stage is expected to follow that
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of pure liquid, which obeys the classic d2-law. The effect of particles mobility, initial
particles concentration and droplet recession rate on the particles distribution, the
duration of the first stage and the final dry particle size are discussed.
For a given droplet recession rate and a specific internal flow, the evaporation
process in the first stage is controlled by the particles mobility. Compared to the
evaporation of droplet lack of internal flow, the particles distribution within the
droplet is affected by the internal flow transport with the maximum particle
concentration happening at the droplet surface and its center. The minimum particle
concentration occurs at the vortex center. For particles with high mobility, the
diffusion time is short. The particles have enough time to redistribute within the
droplet. The particles concentration can remain smoother. As the particles mobility
decreases, the effect of the internal convective flow becomes more dominant. The
concentration profile moves toward the stream function line. It is found that the
duration of the first evaporation stage and the final dry particle size is controlled by
the surface particles accumulation. For particles with high mobility, the particles at
the droplet surface has time to move inward, leading to shorter duration time. While
as particles mobility decreases, the particles diffusion time increases. The particles
are more easily be trapped on the surface. When the particles mobility is decreased
to a limit at which the transport of particles is only controlled by the internal flow, the
surface particles concentration evolution becomes stable. After then the duration
time and the final dry particle size are independent of the particles mobility.
The particles distribution at the end of the first evaporation stage is
independent of the initial particle concentration. The effect of the initial particle
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concentration lies in the duration of the first evaporation stage. For smaller initial
particle concentration, the duration time is longer and the final dry particle size is
smaller.
Droplet evaporation rate is an important transport parameter in controlling
the particles distribution and duration time of the first stage. With higher evaporation
rate, the droplet recession rate is larger and the surface particles can be easily
trapped by the surface. The concentration evolution profile is much sharper near the
droplet center and the droplet surface. Further enhancement of evaporation can
delay the particles diffusion toward the vortex center.
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CHAPTER 5. CONCLUSIONS
This dissertation investigated the mechanism of the evaporation behavior of droplet
containing the insoluble particles. The most commonly used experimental
approaches studying the evaporation process are reviewed, pendant droplet,
aerodynamic and acoustic levitation and free falling method. The experiments
involved either interaction between the droplets and the surrounding gas, leading to
internal circulation within the droplet in the aerodynamic and acoustic levitation and
free falling approaches or intrusive fiber in the pendant droplet approach. The
droplet sizes are also limited to the millimeter size range. For the aim of investigation
of transport processes in the isolated small droplets, an experimental setup based on
electrodynamic balance (EDB) was built. The experimental systems consist of
charged droplet generation apparatus through electrospray (ES), electrodynamic
balance levitation system and droplet visualization system. The system allows
observation of full evaporation process of 100 µm liquid suspension droplet.
Besides experimental design, a novel theoretical model has been developed to
describe the morphological evolution process in the absence of internal convection.
The analytical model accounts for the effect of the particles at the droplet surface on
the diffusion of liquid vapor. The gradually increasing particle number at the droplet
surface reduces the area for evaporation, leading to reduction of evaporation rate in
the first evaporation stage, contrary to previous assumptions. The evaporation rate
change depends on the Peclet number, initial concentration and particles contact
angle at the liquid surface. It is found that
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For large values of Pe, the particles concentration is high near the droplet
surface, leading to the change of evaporation rate. For small values of Pe, the effect of
particles on the evaporation rate of droplet in the first evaporation stage is small
because particles are allowed sufficient time to redistribute within the droplet.
The duration of first evaporation stage is also controlled by the particle
concentration. For small concentration coupled with small Peclet numbers, the time
for particles to get saturated on the surface is shorter.
There exists a criteria for the evaporation of liquid suspension under different
initial particles concentration and Peclet numbers, The evaporation can proceed only
when the product of initial particles volume fraction and Pe is smaller than 1.95.
Otherwise the model is not valid and the first stage terminates at the beginning of the
first evaporation stage.
The model analysis also reveals that particle wettability is an important factor
affecting the first evaporation stage. For hydrophilic particles, the contact angle of the
particles at the droplet surface is small, leading to small change of evaporation in the
first stage. For the hydrophobic particles that have large contact angles, the change of
evaporation rate in the first evaporation stage is significant.
The evaporation model that accounts for the internal convection is also used
to describe the evaporation process. In this model, the evaporation behavior during
the first stage is controlled by the particle mobility, initial particle concentration, and
droplet recession/evaporation rate. In the case of internal circulation, the
evaporation rate in the first stage is expected to follow that of pure liquid, which

123

obeys the classic d2-law. While the evaporation behavior in the first stage is controlled
by the particles mobility, initial particles concentration and droplet recession.
For the evaporation with vigorous internal circulation, the particles
distribution is controlled by the internal flow with the maximum particle
concentration happening at the droplet surface and its center. The minimum particle
concentration occurs at the vortex center.
For particles with high mobility, the particle distribution within the droplet
tends to be smooth. The effect of convection flow on the particles distribution
becomes stronger as particle mobility decreases. Once the particles mobility is
decreased to a limit at which the surface particle density is only controlled by the
internal flow and the evaporation process is independent of the particles mobility.
For a given internal flow field and a specific particles mobility, the duration of the first
stage and the final dry particle size are both controlled by the initial particles
concentration. A smaller/larger initial particle concentration results in a
longer/shorter first stage and smaller/larger dry particle.
Droplet evaporation rate is an important transport parameter in controlling the
particles distribution and duration time of the first stage. With higher evaporation
rate, the concentration evolution profile is much sharper near the droplet center and
the droplet surface. Further enhancement of evaporation can delay the particles
diffusion toward the vortex center.
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APPENDIX A: ESTIMATION OF EVAPORATION RATE OF PURE LIQUID
DROPLET IN STAGNATANT AIR
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Consider the evaporation rate of a single fuel droplet in a non-convective atmosphere.
The evaporation process is assumed to be quasi steady. So the temperature
throughout the droplet can be taken as constant and equal to the surface temperature
of the droplet. The conservation of energy and mass can be written as
4r 2 ( v)(

dm A
dm 
d 
)  4r 2 D( A )
dr
dr 
dr 

(A.1)

d   4r 2 dc pT 
)(
)
(
dr  c p
dr 

(A.2)

4r 2 ( v)(

dc pT
dr

)

where λ is heat conductivity, cp is specific heat capacity, v is the velocity of the gas, m
is the mass fraction of species A, D is the mass diffusivity. Based on the gas kinetic
theory, Dρ is constant for a given temperature and pressure ( Dρ=Dsρs), where the
subscript s means the condition at the surface of the droplet.
The boundary condition for equation (A.1) is
 dm A 

 dr  s

 l r   s vs   s m As vs  D

where  l is liquid density, r is the liquid radius change rate.

(A.3)

 s s is the bulk mass

movement of gas and can be expressed as the amount of A that is being evaporated
minus the amount of gaseous A that diffuses to or from the surface. From equation
(A.3) gaseous velocity vs can be expressed as
dm A
)s
dr
vs 
(m As  1)
Ds (

(A.4)

The boundary condition at r   , m A  m A
From continuity equation, we have

r 2 v  rs2  s vs
Now we can solve equation (A.1) with Equations (A.3), (A.4) and (A.5)
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(A.5)

rs2 v s
m 1
 ln A
rDs
m As  1
Evaluating equation (A.6) at r = rs results in

rs v s
m 1
 ln A
Ds
m As  1
Gas velocity at the surface can be related to rs in the following way

vs  

l
r
s

From equations (A.7) and (A.8), we have
drs2
2D 
m 1
  s s ln A
dt
l
m As  1
Converting to droplet diameter, eq. (A.8) becomes

8D 
8D 
m 1
dd 2
  s s ln A
  s s ln(1  BM )
dt
l
m As  1
l
where BM  (m As  m A ) /(1  m As )
Using the same way, we can solve equation (2) and get
8 
dd 2
  s s ln(1  BT )   K
dt
l

(A.6)

(A.7)

(A.8)

(A.9)

(A.10)

(A.11)

c p (T  Ts )

,  s is the thermal diffusivity of gas at the surface and Lv is the
Lv
latent heat of vaporization at the surface temperature Ts. Compare equations (A.10)
and (A.11)
 s ln(1  BT )  Ds ln(1  BM )
(A.12)
Since   D ,
(A.13)
BT  BM
And
c p (T  Ts ) m As  m A

(A.14)
Lv
1  m As
where BT 

PA
) MWA
PA MWA
P
(A.15)
m As  ( )(
)
PA
PA
P MW
( ) MWA  (1  ) MWB
P
P
,
and
are
the
molecular
weight
of
A,
B
and the mixture. PA and P are
MW
MWA MWB
(

the vapor pressure of A and the total pressure.
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With equation (A.14) and (A.15) we can get Ts and the value of BM . Then the
evaporation rate can be calculated. The difference between T and

Ts is small, so to

simplify the calculation Ts is assumed to be the same as the environmental
temperature ( T ) and the evaporation rate can be obtained from equation (A.11).
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APPENDIX B: SOLUTION TO MATHIEU’S EQUATION
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The Mathieu’s equation is defined by:

d 2x
 (a  2q cos 2 ) x  0
d 2
The solution to Mathieu’s equation is written as:

x   'e 



 C2ne2in   ''e

n  

(B.1)



C

n  

2n

e  2in

(B.2)

where  ' ,  '' are integration constants, whichdepends on the initial conditions, C2 n
and  depend on the values of a and q . Stable solutions are those where x remains
finite as    . Whether a solution is stable or not depends on the value of  , as 
is only dependent on the values of a and q , the stability region of Mathieu’s Equation
on depends on these two values but not on the initial conditions.
There are four possibilities for  :
(1)

 is real and non-zero. Instability arises from the e  or e   factor.

(2)

  i is purely imaginary and beta is not an integer. These solutions are

stable.
(3)

 is a complex number, the solutions are unstable.

(4)

  im is purely imaginary and m is an integer. The solutions are periodic but

unstable.   im corresponds to a curve in the ( a , q ) space when m is an integer, the
curves forms the boundaries between the stable and unstable regions .

If we plug solution (A.2) in to Mathieu Equation (A.1), we get the recurrence
[a  (  2in) 2 ]C2n  qC2n2  qC2n2  0

Let  n  (  2in)  a , equation (B.3) becomes:
2
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(B.3)

q

n

q

C2 n  2  C2 n 

n

C2 n  2  0

(B.4)

To get a nontrivial solution, the determinant of the above simultaneous
equations (shown below) must be zero:
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q
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1

...
q

...

...

...

...

...

0

...

...

...

...

0

...

...

...

0

...

...

0
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0
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0
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0
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0
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 1

 2

q

1

 1
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1

0

q

1

q

0

q

1

1

q
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1
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q

2
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(B.5)

Set  (  )  0 , which is equivalent to:
sin 2 [(i ) / 2]  (0) sin 2 [( a ) / 2]
Let     in, n  N , we have:









(B.6)



(  in)]  i sinh(  ) cos( n)  cosh(  ) sin( n)
2
2
2
2
2
There are two cases for n:
sin[ i

(1)

n=2m, we have:





cos( n)  (1) m , sin( n)  0
2
2

Thus
(0) sin 2 (

(2) n=2m+1, we have:





a )   sinh 2 (  )
2
2



(B.7)

(B.8)

(B.9)



(B.10)
a )  cosh 2 (  )
2
2
To get the expanded stability region of the problem discussed in Chapter 4.3.1,
(0) sin 2 (

we set

  K , and then equation (B.9) (B.10) forms the boundaries between stable

and unstable regions. To get the stability region to the classical Mathieu’s equation,
131

we set

 0

and equation (B.9) (B.10) forms the boundaries between stable and

unstable regions. These regions can only be determined numerically as we are dealing
with an infinitely large determinant. The stability region of the Mathieu’s equation is
shown in Figure 50.

Figure 58 Stability of Mathieu’s equation

As can be observed from the stability region of Mathieu’s equation, (a,q)=(n2,0)
is the separation point of adjacent stable regions, which can be verified by plugging
in the value of (a,q)=(n2,0) to equation(B.5) and setting   in .

For our problem discussed in Chapter 4.2,1 a   K 2  (
the left half plane of the stability region can be used.
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3d 2
)  0 , therefore only
mw

Approximate analytical solutions can be obtained by truncating the infinite
determinant (B.5) to 3×3, 5×5, 7×7 orders. The dashed lines in equation (B.5) show
the 3×3 and 5×5 determinant. The first three of these determinants are shown below:

1 (0)  1 

2q 2
(4  a)a

q2
2q (1 
)
q2
(4  a )(16  a )
 2 (0) 
 (1 
)2
(4  a)a
(4  a )(16  a )

(B.11)

2

 3 (0)  2q 2 (1 
 (1 

2

q2
)[
(16  a)(35  a)

(1 

q2
q2

)
(4  a)(16  a) (16  a)(36  a)
]
(4  a)a

2

q
q

)2
(4  a)(16  a) (16  a)(36  a)
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